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as	appendixes.	Like	the	first	edition,	this	second	edition	is	a	thorough	and	detailed	student-oriented	book.	The	analytical	detail,	rigor,	and	thoroughness	allow	many	of	the	topics	to	be	traced	to	their	origin,	and	they	are	presented	in	sufficient	detail	so	that	the	students,	and	even	the	instructors,	will	follow	the	analytical	developments.	In	addition	to	the
coverage	of	traditional	classical	topics,	the	book	includes	state	of	the	art	advanced	topics	on	DNG	Metamaterials,	Artificial	Impedance	Surfaces	(AIS,	EBG,	PBG,	HIS,	AMC,	PMC),	Integral	Equations	(IE),	Moment	Method	(MM),	Geometrical	and	Uniform	Theory	of	Diffraction	(GTD/UTD)	for	PEC	and	impedance	surfaces,	and	Green’s	functions.
Electromagnetic	theorems,	as	applied	to	the	solution	of	boundary-value	problems,	are	also	included	and	discussed.	The	material	is	presented	in	a	methodical,	sequential,	and	unified	manner,	and	each	chapter	is	subdivided	into	sections	or	subsections	whose	individual	headings	clearly	identify	the	topics	dis-	cussed,	examined,	or	illustrated.	The
examples	and	end-of-chapter	problems	have	been	designed	to	illustrate	basic	principles	and	to	challenge	the	knowledge	of	the	student.	An	exhaustive	list	of	references	is	included	at	the	end	of	each	chapter	to	allow	the	interested	reader	to	trace	each	topic.	A	number	of	appendixes	of	mathematical	identities	and	special	functions,	some	represented
also	in	tabular	and	graphical	forms,	are	included	to	aid	the	student	in	the	solution	of	the	examples	and	assigned	end-of-chapter	problems.	A	solutions	manual	for	all	end-of-chapter	problems	is	available	exclusively	to	instructors.	PREFACE	xix	In	Chapter	1,	the	book	covers	classical	topics	on	Maxwell’s	equations,	constitutive	param-	eters	and	relations,
circuit	relations,	boundary	conditions,	and	power	and	energy	relations.	The	electrical	properties	of	matter	for	both	direct-current	and	alternating-current,	including	an	update	on	superconductivity,	are	covered	in	Chapter	2.	The	wave	equation	and	its	solution	in	rectan-	gular,	cylindrical	and	spherical	coordinates	are	discussed	in	Chapter	3.
Electromagnetic	wave	propagation	and	polarization	is	introduced	in	Chapter	4.	Reflection	and	transmission	at	normal	and	oblique	incidences	are	considered	in	Chapter	5,	along	with	depolarization	of	the	wave	due	to	reflection	and	transmission	and	an	introduction	to	metamaterials	(especially	those	with	neg-	ative	index	of	refraction,	referred	to	as
double	negative,	DNG).	Chapter	6	covers	the	auxiliary	vector	potentials	and	their	use	toward	the	construction	of	solutions	for	radiation	and	scattering	problems.	The	theorems	of	duality,	uniqueness,	image,	reciprocity,	reaction,	volume	and	surface	equivalences,	induction,	and	physical	and	physical	optics	equivalents	are	introduced	and	applied	in
Chapter	7.	Rectangular	cross	section	waveguides	and	cavities,	including	dielectric	slabs,	arti-	ficial	impedance	surfaces	(AIS)	[also	referred	to	as	Electromagnetic	Band-Gap	(EBG)	structures;	Photonic	Band-Gap	(PBG)	structures;	High	Impedance	Surfaces	(HIS),	Artificial	Magnetic	Con-	ductors	(AMC),	Perfect	Magnetic	Conductors	(PMC)],	striplines
and	microstrips,	are	discussed	in	Chapter	8.	Waveguides	and	cavities	with	circular	cross	section,	including	the	fiber	optics	cable,	are	examined	in	Chapter	9,	and	those	of	spherical	geometry	are	introduced	in	Chapter	10.	Scat-	tering	by	strips,	plates,	circular	cylinders,	wedges,	and	spheres	is	analyzed	in	Chapter	11.	Chapter	12	covers	the	basics	and
applications	of	Integral	Equations	(IE)	and	Moment	Method	(MM).	The	techniques	and	applications	of	the	Geometrical	and	Uniform	Theory	of	Diffraction	(GTD/UTD)	are	introduced	and	discussed	in	Chapter	13.	The	PEC	GTD/UTD	techniques	of	Chapter	13	are	extended	in	the	new	Chapter	14	to	wedges	with	impedance	surfaces,	utilizing	Maliuzhinets
functions.	The	classic	topic	of	Green’s	functions	is	introduced	and	applied	in	Chapter	15.	Throughout	the	book	an	ejωt	time	convention	is	assumed,	and	it	is	suppressed	in	almost	all	the	chapters.	The	International	System	of	Units,	which	is	an	expanded	form	of	the	rationalized	MKS	system,	is	used	throughout	the	text.	In	some	instances,	the	units	of
length	are	given	in	meters	(or	centimeters)	and	feet	(or	inches).	Numbers	in	parentheses	(	)	refer	to	equations,	whereas	those	in	brackets	[	]	refer	to	references.	For	emphasis,	the	most	important	equations,	once	they	are	derived,	are	boxed.	I	would	like	to	acknowledge	the	invaluable	suggestions	from	those	that	contributed	to	the	first	edition,	too
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11/22/2011	3:03	P.M.	Page	3	MAXWELL’S	EQUATIONS	3	The	electric	displacement	current	density	d	=	∂/∂t	was	introduced	by	Maxwell	to	complete	Ampere’s	law	for	statics,	∇	×		=	.	For	free	space,	d	was	viewed	as	a	motion	of	bound	charges	moving	in	“ether,”	an	ideal	weightless	fluid	pervading	all	space.	Since	ether	proved	to	be	undetectable	and
its	concept	was	not	totally	reasonable	with	the	special	theory	of	relativity,	it	has	since	been	disregarded.	Instead,	for	dielectrics,	part	of	the	displacement	current	density	has	been	viewed	as	a	motion	of	bound	charges	creating	a	true	current.	Because	of	this,	it	is	convenient	to	consider,	even	in	free	space,	the	entire	∂/∂t	term	as	a	displacement	current
density.	Because	of	the	symmetry	of	Maxwell’s	equations,	the	∂/∂t	term	in	(1-1)	has	been	des-	ignated	as	a	magnetic	displacement	current	density.	In	addition,	impressed	(source)	magnetic	current	density	i	and	magnetic	charge	density	qmv	have	been	introduced,	respectively,	in	(1-1)	and	(1-4)	through	the	“generalized”	current	concept.	Although	we
have	been	accustomed	to	viewing	magnetic	charges	and	impressed	magnetic	current	densities	as	not	being	physically	real-	izable,	they	have	been	introduced	to	balance	Maxwell’s	equations.	Equivalent	magnetic	charges	and	currents	will	be	introduced	in	later	chapters	to	represent	physical	problems.	In	addition,	impressed	magnetic	current	densities,
like	impressed	electric	current	densities,	can	be	considered	energy	sources	that	generate	fields	whose	expressions	can	be	written	in	terms	of	these	current	densities.	For	some	electromagnetic	problems,	their	solution	can	often	be	aided	by	the	introduc-	tion	of	“equivalent”	impressed	electric	and	magnetic	current	densities.	The	importance	of	both	will
become	more	obvious	to	the	reader	as	solutions	to	specific	electromagnetic	boundary-value	problems	are	considered	in	later	chapters.	However,	to	give	the	reader	an	early	glimpse	of	the	importance	and	interpretation	of	the	electric	and	magnetic	current	densities,	let	us	consider	two	familiar	circuit	examples.	In	Figure	1-1a	,	an	electric	current
source	is	connected	in	series	to	a	resistor	and	a	parallel-	plate	capacitor.	The	electric	current	density	i	can	be	viewed	as	the	current	source	that	generates	the	conduction	current	density	c	through	the	resistor	and	the	displacement	current	density	d	through	the	dielectric	material	of	the	capacitor.	In	Figure	1-1b,	a	voltage	source	is	connected	to	a	wire
that,	in	turn,	is	wrapped	around	a	high-permeability	magnetic	core.	The	voltage	source	can	be	viewed	as	the	impressed	magnetic	current	density	that	generates	the	displacement	magnetic	current	density	through	the	magnetic	material	of	the	core.	In	addition	to	the	four	Maxwell’s	equations,	there	is	another	equation	that	relates	the	variations	of	the
current	density	ic	and	the	charge	density	qev	.	Although	not	an	independent	relation,	this	equation	is	referred	to	as	the	continuity	equation	because	it	relates	the	net	flow	of	current	out	of	a	small	volume	(in	the	limit,	a	point)	to	the	rate	of	decrease	of	charge.	It	takes	the	form	∇	•	ic	=	−	∂q	ev	∂t	(1-6)	The	continuity	equation	1-6	can	be	derived	from
Maxwell’s	equations	as	given	by	(1-1)	through	(1-5c).	1.2.2	Integral	Form	of	Maxwell’s	Equations	The	integral	form	of	Maxwell’s	equations	describes	the	relations	of	the	field	vectors,	charge	densities,	and	current	densities	over	an	extended	region	of	space.	They	have	limited	applications,	and	they	are	usually	utilized	only	to	solve	electromagnetic
boundary-value	problems	that	possess	complete	symmetry	(such	as	rectangular,	cylindrical,	spherical,	etc.,	symmetries).	However,	the	fields	and	their	derivatives	in	question	do	not	need	to	possess	continuous	distributions	.	The	integral	form	of	Maxwell’s	equations	can	be	derived	from	its	differential	form	by	utilizing	the	Stokes’	and	divergence
theorems	.	For	any	arbitrary	vector	A,	Stokes’	theorem	states	that	the	line	integral	of	the	vector	A	along	a	closed	path	C	is	equal	to	the	integral	of	the	dot	product	of	the	curl	of	the	vector	A	with	the	normal	to	the	surface	S	that	has	the	contour	C	as	its	boundary	.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	4	4	TIME-VARYING	AND	TIME-
HARMONIC	ELECTROMAGNETIC	FIELDS	Dielectric	slab	(a)	(b)	i	c	d	i	d	Figure	1-1	Circuits	with	electric	and	magnetic	current	densities.	(a)	Electric	current	density.	(b)	Magnetic	current	density.	In	equation	form,	Stokes’	theorem	can	be	written	as∮	C	A	•	d	=	∫∫	S	(∇	×	A)	•	ds	(1-7)	The	divergence	theorem	states	that,	for	any	arbitrary	vector	A,	the
closed	surface	integral	of	the	normal	component	of	vector	A	over	a	surface	S	is	equal	to	the	volume	integral	of	the	divergence	of	A	over	the	volume	V	enclosed	by	S	.	In	mathematical	form,	the	divergence	theorem	is	stated	as	#S	A	•	ds	=	∫∫∫	V	∇	•	A	dv	(1-8)	Taking	the	surface	integral	of	both	sides	of	(1-1),	we	can	write∫∫	S	(∇	×	)	•	ds	=	−	∫∫	S	i	•	ds	−
∫∫	S	∂	∂t	•	ds	=	−	∫∫	S	i	•	ds	−	∂	∂t	∫∫	S	i	•	ds	(1-9)	Applying	Stokes’	theorem,	as	given	by	(1-7),	on	the	left	side	of	(1-9)	reduces	it	to∮	C		•	d	=	−	∫∫	S	i	•	ds	−	∂	∂t	∫∫	S		•	ds	(1-9a)	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	5	CONSTITUTIVE	PARAMETERS	AND	RELATIONS	5	which	is	referred	to	as	Maxwell’s	equation	in	integral	form	as	derived
from	Faraday’s	law	.	In	the	absence	of	an	impressed	magnetic	current	density,	Faraday’s	law	states	that	the	electromotive	force	(emf)	appearing	at	the	open-circuited	terminals	of	a	loop	is	equal	to	the	time	rate	of	decrease	of	magnetic	flux	linking	the	loop.	Using	a	similar	procedure,	we	can	show	that	the	corresponding	integral	form	of	(1-2)	can	be
written	as	∮	C		•	d	=	∫∫	S	ic	•	ds	+	∂	∂t	∫∫	S		•	ds	=	∫∫	S	ic	•	ds	+	∫∫	S	d	•	ds	(1-10)	which	is	usually	referred	to	as	Maxwell’s	equation	in	integral	form	as	derived	from	Ampere’s	law.	Ampere’s	law	states	that	the	line	integral	of	the	magnetic	field	over	a	closed	path	is	equal	to	the	current	enclosed.	The	other	two	Maxwell	equations	in	integral	form	can
be	obtained	from	the	corresponding	differential	forms,	using	the	following	procedure.	First	take	the	volume	integral	of	both	sides	of	(1-3);	that	is,	∫∫∫	V	∇	•		dv	=	∫∫∫	V	q	ev	dv	=	e	(1-11)	where	e	is	the	total	electric	charge.	Applying	the	divergence	theorem,	as	given	by	(1-8),	on	the	left	side	of	(1-11)	reduces	it	to	#S		•	ds	=	∫∫∫	V	q	ev	dv	=	e	(1-11a)
which	is	usually	referred	to	as	Maxwell’s	electric	field	equation	in	integral	form	as	derived	from	Gauss’s	law.	Gauss’s	law	for	the	electric	field	states	that	the	total	electric	flux	through	a	closed	surface	is	equal	to	the	total	charge	enclosed.	In	a	similar	manner,	the	integral	form	of	(1-4)	is	given	in	terms	of	the	total	magnetic	charge	m	by	#S		•	ds	=	m	(1-
12)	which	is	usually	referred	to	as	Maxwell’s	magnetic	field	equation	in	integral	form	as	derived	from	Gauss’s	law	.	Even	though	magnetic	charge	does	not	exist	in	nature,	it	is	used	as	an	equivalent	to	represent	physical	problems.	The	corresponding	integral	form	of	the	continuity	equation,	as	given	by	(1-6)	in	differential	form,	can	be	written	as	#S	ic	•
ds	=	−	∂	∂t	∫∫∫	V	q	ev	dv	=	−∂e	∂t	(1-13)	Maxwell’s	equations	in	differential	and	integral	form	are	summarized	and	listed	in	Table	1-1.	1.3	CONSTITUTIVE	PARAMETERS	AND	RELATIONS	Materials	contain	charged	particles,	and	when	these	materials	are	subjected	to	electromagnetic	fields,	their	charged	particles	interact	with	the	electromagnetic
field	vectors,	producing	currents	and	modifying	the	electromagnetic	wave	propagation	in	these	media	compared	to	that	in	free	space.	A	more	complete	discussion	of	this	is	in	Chapter	2.	To	account	on	a	macroscopic	scale	for	the	presence	and	behavior	of	these	charged	particles,	without	introducing	them	in	a	microscopic	lattice	structure,	we	give	a	set
of	three	expressions	relating	the	electromagnetic	field	vectors.	These	expressions	are	referred	to	as	the	constitutive	relations	,	and	they	will	be	developed	in	more	detail	in	Chapter	2.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	8	8	TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	equal	to	the	voltage	drop	across	an	inductor
Ls	that	is	used	to	represent	the	stray	inductance	of	the	circuit.	This	is	the	well-known	Kirchhoff	loop	voltage	law	,	which	is	used	widely	in	circuit	theory,	and	its	form	represents	a	circuit	relation.	Thus	we	can	write	the	following	field	and	circuit	relations:	Field	Relation	Circuit	Relation∮	C		•	d	=	−	∂	∂t	∫∫	S		•	ds	=	−∂ψm	∂t	⇔	∑	v	=	−∂ψm	∂t	=	−Ls	∂i	∂t
(1-17c)	In	lumped-element	circuit	analysis,	where	usually	the	wavelength	is	very	large	(or	the	dimen-	sions	of	the	total	circuit	are	small	compared	to	the	wavelength)	and	the	stray	inductance	of	the	circuit	is	very	small,	the	right	side	of	(1-17b)	is	very	small	and	it	is	usually	set	equal	to	zero.	In	these	cases,	(1-17b)	states	that	the	voltage	drops	(or	rises)
along	a	closed	path	are	equal	to	zero,	and	it	represents	a	widely	used	relation	to	electrical	engineers	and	many	physicists.	To	demonstrate	Kirchhoff’s	loop	voltage	law,	let	us	consider	the	circuit	of	Figure	1-2	where	a	voltage	source	and	three	ideal	lumped	elements	(a	resistance	R,	an	inductor	L,	and	a	capacitor	C	)	are	connected	in	series	to	form	a
closed	loop.	According	to	(1-17b)	−vs	+	vR	+	vL	+	vC	=	−Ls	∂i	∂t	=	−vsL	(1-18)	where	Ls	,	shown	dashed	in	Figure	1-2,	represents	the	total	stray	inductance	associated	with	the	current	and	the	magnetic	flux	generated	by	the	loop	that	connects	the	ideal	lumped	elements	(we	assume	that	the	wire	resistance	is	negligible).	If	the	stray	inductance	Ls	of
the	circuit	and	the	time	rate	of	change	of	the	current	is	small	(the	case	for	low-frequency	applications),	the	right	side	of	(1-18)	is	small	and	can	be	set	equal	to	zero.	1.4.2	Kirchhoff’s	Current	Law	The	left	side	of	the	integral	form	of	the	continuity	equation,	as	given	by	(1-13),	can	be	written	in	circuit	form	as	∑	i	=#S	ic	•	ds	(1-19)	i	R	vR	vL	vC	LsvsL	vs	L
C	−	+	+	−	+	+	−	−	−	+	Figure	1-2	RLC	series	network.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	9	CIRCUIT-FIELD	RELATIONS	9	where	∑	i	represents	the	sum	of	the	currents	passing	through	closed	surface	S	.	Using	(1-19)	reduces	(1-13)	to	∑	i	=	−∂e	∂t	=	−	∂	∂t	(Csv)	=	−Cs	∂v	∂t	(1-19a)	since	by	definition	e	=	Csv	where	Cs	is	a	capacitance
(assumed	to	be	constant)	and	v	is	the	associated	voltage.	Equation	1-19a	states	that	the	sum	of	the	currents	crossing	a	surface	that	encloses	a	circuit	is	equal	to	the	time	rate	of	change	of	the	total	electric	charge	enclosed	by	the	surface,	or	equal	to	the	current	flowing	through	a	capacitor	Cs	that	is	used	to	represent	the	stray	capacitance	of	the	circuit.
This	is	the	well-known	Kirchhoff	node	current	law,	which	is	widely	used	in	circuit	theory,	and	its	form	represents	a	circuit	relation.	Thus,	we	can	write	the	following	field	and	circuit	relations:	Field	Relation	Circuit	Relation	#S	ic	•	ds	=	−	∂	∂t	∫∫∫	V	q	ev	dv	=	−∂e	∂t	⇔	∑	i	=	−∂e	∂t	=	−Cs	∂v	∂t	(1-19b)	In	lumped-element	circuit	analysis,	where	the	stray
capacitance	associated	with	the	circuit	is	very	small,	the	right	side	of	(1-19a)	is	very	small	and	it	is	usually	set	equal	to	zero.	In	these	cases,	(1-19a)	states	that	the	currents	exiting	(or	entering)	a	surface	enclosing	a	circuit	are	equal	to	zero.	This	represents	a	widely	used	relation	to	electrical	engineers	and	many	physicists.	To	demonstrate	Kirchhoff’s
node	current	law,	let	us	consider	the	circuit	of	Figure	1-3	where	a	current	source	and	three	ideal	lumped	elements	(a	resistance	R,	an	inductor	L,	and	a	capacitor	C	)	are	connected	in	parallel	to	form	a	node.	According	to	(1-19a)	−is	+	iR	+	iL	+	iC	=	−Cs	∂v	∂t	=	−isC	(1-20)	where	Cs	,	shown	dashed	in	Figure	1-3,	represents	the	total	stray	capacitance
associated	with	the	circuit	of	Figure	1-3.	If	the	stray	capacitance	Cs	of	the	circuit	and	the	time	rate	of	change	of	the	total	charge	e	are	small	(the	case	for	low-frequency	applications),	the	right	side	of	(1-20)	is	small	and	can	be	set	equal	to	zero.	The	current	isC	associated	with	the	stray	capacitance	Cs	also	vCLCsis	is	iR	isC	iL	iC	S	R	+	−	Figure	1-3	RLC
parallel	network.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	10	10	TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	includes	the	displacement	(leakage)	current	crossing	the	closed	surface	S	of	Figure	1-3	outside	of	the	wires	.	1.4.3	Element	Laws	In	addition	to	Kirchhoff’s	loop	voltage	and	node	current	laws	as	given,
respectively,	by	(1-17b)	and	(1-19a),	there	are	a	number	of	current	element	laws	that	are	widely	used	in	circuit	theory.	One	of	the	most	popular	is	Ohm’s	law	for	a	resistor	(or	a	conductance	G),	which	states	that	the	voltage	drop	vR	across	a	resistor	R	is	equal	to	the	product	of	the	resistor	R	and	the	current	iR	flowing	through	it	(vR	=	RiR	or	iR	=	vR/R
=	GvR).	Ohm’s	law	of	circuit	theory	is	a	special	case	of	the	constitutive	relition	given	by	(1-16).	Thus	Field	Relation	Circuit	Relation	c	=	σ	⇔	iR	=	1	R	vR	=	GvR	(1-21)	Another	element	law	is	associated	with	an	inductor	L	and	states	that	the	voltage	drop	across	an	inductor	is	equal	to	the	product	of	L	and	the	time	rate	of	change	of	the	current	through
the	inductor	(vL	=	L	diL/dt).	Before	proceeding	to	relate	the	inductor’s	voltage	drop	to	the	corresponding	field	relation,	let	us	first	define	inductance.	To	do	this	we	state	that	the	magnetic	flux	ψm	is	equal	to	the	product	of	the	inductance	L	and	the	corresponding	current	i	.	That	is	ψm	=	Li	.	The	corresponding	field	equation	of	this	relation	is	(1-15).
Thus	Field	Relation	Circuit	Relation		=	μ	⇔	ψm	=	LiL	(1-22)	Using	(1-5c)	and	(1-15),	we	can	write	for	a	homogeneous	and	non-time-varying	medium	that	d	=	∂	∂t	=	∂	∂t	(μ)	=	μ∂	∂t	(1-22a)	where	d	is	defined	as	the	magnetic	displacement	current	density	[analogous	to	the	electric	displacement	current	density	d	=	∂/∂t	=	∂(ε)/∂t	=	ε∂/∂t].	With	the	aid	of	the
right	side	of	(1-9a)	and	the	circuit	relation	of	(1-22),	we	can	write	∂	∂t	∫∫	S		•	ds	=	∂ψm	∂t	=	∂	∂t	(LiL)	=	L∂iL	∂t	=	vL	(1-22b)	Using	(1-22a)	and	(1-22b),	we	can	write	the	following	relations:	Field	Relation	Circuit	Relation	d	=	μ∂	∂t	⇔	vL	=	L∂iL	∂t	(1-22c)	Using	a	similar	procedure	for	a	capacitor	C	,	we	can	write	the	field	and	circuit	relations	analogous	to
(1-22)	and	(1-22c):	Field	Relation	Circuit	Relation		=	ε	⇔	e	=	Cve	(1-23)	d	=	ε	∂	∂t	⇔	iC	=	C	∂vC	∂t	(1-24)	A	summary	of	the	field	theory	relations	and	their	corresponding	circuit	concepts	are	listed	in	Table	1-2.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	13	BOUNDARY	CONDITIONS	13	e	2,	m2,	s2	e	1,	m1,	s1	e	2,	m2,	s2	e	1,	m1,	s1	(a)	(b)	z	x	y	Δy	z
Δx	Δy	x	y	C0	A0	A1	S0	1	1	2	2	n	n	n	n		2,		2,		2,		2		1,		1,		1,		1		2,		2,		2,		2		1,		1,		1,		1	Figure	1-4	Geometry	for	boundary	conditions	of	tangential	and	normal	components.	(a)	Tangential.	(b)	Normal.	Using	a	similar	procedure	on	the	same	rectangle	but	for	(1-10),	assuming		i	=	0,	we	can	write	that		1t	−		2t	=	0	⇒		1t	=		2t	(1-27)	or	n̂	×	(	2	−		1)	=	0	σ1,	σ2	are	finite	(1-
27a)	which	state	that	the	tangential	components	of	the	magnetic	field	across	an	interface	between	two	media,	neither	of	which	is	a	perfect	conductor,	are	continuous	.	This	relation	also	holds	if	either	or	both	media	possess	finite	conductivity.	Equations	1-26a	and	1-27a	must	be	modified	if	either	of	the	two	media	is	a	perfect	conductor	or	if	there	are
impressed	(source)	current	densities	along	the	interface.	This	will	be	done	in	the	pages	that	follow.	In	addition	to	the	boundary	conditions	on	the	tangential	components	of	the	electric	and	mag-	netic	fields	across	an	interface,	their	normal	components	are	also	related.	To	derive	these	relations,	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	14	14
TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	let	us	consider	the	geometry	of	Figure	1-4b	where	a	cylindrical	pillbox	is	chosen	at	a	given	point	along	the	interface.	If	there	are	no	charges	along	the	interface,	which	is	the	case	when	there	are	no	sources	or	either	of	the	two	media	is	not	a	perfect	conductor,	(1-11a)	reduces	to
#A0,A1			•	ds	=	0	(1-28)	As	the	height	y	of	the	pillbox	becomes	progressively	shorter,	the	total	circumferential	area	A1	also	becomes	vanishingly	smaller,	so	that	the	contributions	to	the	surface	integral	of	(1-28)	by	A1	are	negligible.	Thus	(1-28)	can	be	written,	in	the	limit	(	y	→	0),	as		2	•	ây	A0	−		1	•	ây	A0	=	0		2n	−		in	=	0	⇒		2n	=		1n	(1-29)	or	n̂	•	(	2	−		1)
=	0	σ1,	σ2	are	finite	(1-29a)	In	(1-29),	1n	and	2n	represent,	respectively,	the	normal	components	of	the	electric	flux	density	in	media	1	and	2	along	the	interface.	Both	(1-29)	and	(1-29a)	state	that	the	normal	components	of	the	electric	flux	density	across	an	interface	between	two	media,	both	of	which	are	imperfect	electric	conductors	and	where	there
are	no	sources,	are	continuous	.	This	relation	also	holds	if	either	or	both	media	possess	finite	conductivity.	Equation	1-29a	must	be	modified	if	either	of	the	media	is	a	perfect	conductor	or	if	there	are	sources	along	the	interface.	This	will	be	done	in	the	pages	that	follow.	In	terms	of	the	electric	field	intensities,	(1-29)	and	(1-29a)	can	be	written	as	ε22n
=	ε1	1n	⇒		2n	=	ε1	ε2		1n	⇒		1n	=	ε2	ε1		2n	(1-30)	n̂	•	(ε2	2	−	ε1	1)	=	0	σ1,	σ2	are	finite	(1-30a)	which	state	that	the	normal	components	of	the	electric	field	intensity	across	an	interface	are	discontinuous	.	Using	a	similar	procedure	on	the	same	pillbox,	but	for	(1-12)	with	no	charges	along	the	interface,	we	can	write	that		2n	−		1n	=	0	⇒		2n	=		1n	(1-31)	n̂	•	(	2
−		1)	=	0	(1-31a)	which	state	that	the	normal	components	of	the	magnetic	flux	density,	across	an	interface	between	two	media	where	there	are	no	sources,	are	continuous	.	In	terms	of	the	magnetic	field	intensities,	(1-31)	and	(1-31a)	can	be	written	as	μ2	2n	=	μ1	1n	⇒		2n	=	μ1	μ2		1n	⇒		1n	=	μ2	μ1		2n	(1-32)	n̂	•	(μ2	2	−	μ1	1)	=	0	(1-32a)	which	state	that
the	normal	components	of	the	magnetic	field	intensity	across	an	interface	are	discontinuous	.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	15	BOUNDARY	CONDITIONS	15	1.5.2	Infinite	Conductivity	Media	If	actual	electric	sources	and	charges	exist	along	the	interface	between	the	two	media,	or	if	either	of	the	two	media	forming	the	interface
displayed	in	Figure	1-4	is	a	perfect	electric	conductor	(PEC),	the	boundary	conditions	on	the	tangential	components	of	the	magnetic	field	[stated	by	(1-27a)]	and	on	the	normal	components	of	the	electric	flux	density	or	normal	components	of	the	electric	field	intensity	[stated	by	(1-29a)	or	(1-30a)]	must	be	modified	to	include	the	sources	and	charges	or
the	induced	linear	electric	current	density	(s)	and	surface	electric	charge	density	(q	es	).	Similar	modifications	must	be	made	to	(1-26a),	(1-31a),	and	(1-32a)	if	magnetic	sources	and	charges	exist	along	the	interface	between	the	two	media,	or	if	either	of	the	two	media	is	a	perfect	magnetic	conductor	(PMC).	To	derive	the	appropriate	boundary
conditions	for	such	cases,	let	us	refer	first	to	Figure	1-	4a	and	assume	that	on	a	very	thin	layer	along	the	interface	there	exists	an	electric	surface	charge	density	q	es	(C/m2)	and	linear	electric	current	density	s	(A/m).	Applying	(1-10)	along	the	rectangle	of	Figure	1-4a	,	we	can	write	that∮	C0		•	d	=	∫∫	S0	ic	•	ds	+	∂	∂t	∫∫	S0		•	ds	(1-33)	In	the	limit	as
the	height	of	the	rectangle	is	shrinking,	the	left	side	of	(1-33)	reduces	to	lim	y→0	∮	C0			•	d		=	(	1	−		2)	•	âx	x	(1-33a)	Since	the	electric	current	density		ic	is	confined	on	a	very	thin	layer	along	the	interface,	the	first	term	on	the	right	side	of	(1-33)	can	be	written	as	lim	y→0	∫∫	S0		ic	•	ds	=	lim	y→0	[	ic	•	âz	x	y]	=	lim	y→0	[(	ic	y)	•	âz	x	]	=		s	•	âz	x	(1-33b)
Since	S0	becomes	vanishingly	smaller	as	y	→	0,	the	last	term	on	the	right	side	of	(1-33)	reduces	to	lim	y→0	∂	∂t	∫∫	S0			•	ds	=	lim	y→0	∂	∂t	∫∫	S0			•	âz	ds	=	0	(1-33c)	Substituting	(1-33a)	through	(1-33c)	into	(1-33),	we	can	write	it	as	(	1	−		2)	•	âx	x	=		s	•	âz	x	or	(	1	−		2)	•	âx	−		s	•	âz	=	0	(1-33d)	Since	âx	=	ây	×	âz	(1-34)	(1-33d)	can	be	written	as	(	1	−		2)	•
(ây	×	âz	)	−		s	•	âz	=	0	(1-35)	Using	the	vector	identity	A	•	B	×	C	=	C	•	A	×	B	(1-36)	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	18	18	TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	TABLE	1-3	Boundary	conditions	on	instantaneous	electromagnetic	fields	Finite	conductivity	media,	Medium	1	of	Medium	1	of	no	sources	or
infinite	electric	infinite	charges	conductivity	magnetic	σ1,	σ2		=	∞	(	1	=		1	=	0)	conductivity		s	=	0;	qes	=	0	σ1	=	∞;	σ2		=	∞	(	1	=		1	=	0)	General		s	=	0;	qms	=	0		s	=	0;	qms	=	0		s	=	0;	qes	=	0	Tangential	electric	field	intensity	−n̂	×	(	2	−		1)	=		s	n̂	×	(	2	−		1)	=	0	n̂	×		2	=	0	−n̂	×		2	=		s	Tangential	magnetic	field	intensity	n̂	×	(	2	−		1)	=		s	n̂	×	(	2	−		1)	=	0	n̂	×		2	=		s
n̂	×		2	=	0	Normal	electric	flux	density	n̂	·	(	2	−		1)	=	qes	n̂	·	(	2	−		1)	=	0	n̂	·		2	=	qes	n̂	·		2	=	0	Normal	magnetic	flux	density	n̂	·	(	2	−		1)	=	qms	n̂	·	(	2	−		1)	=	0	n̂	·		2	=	0	n̂	·		2	=	qms	where	(	s	,		s	)	and	(qms	,	qes	)	are	the	magnetic	and	electric	linear	(per	meter)	current	and	surface	(per	square	meter)	charge	densities,	respectively.	The	derivation	of	(1-48a)
and	(1-48d)	proceeds	along	the	same	lines,	respectively,	as	the	derivation	of	(1-48b)	and	(1-48c)	in	Section	1.5.2,	but	begins	with	(1-9a)	and	(1-12).	A	summary	of	the	boundary	conditions	on	all	the	field	components	is	found	in	Table	1-3,	which	also	includes	the	boundary	conditions	assuming	that	medium	1	is	a	perfect	magnetic	conductor	(PMC).	In
general,	a	magnetic	conductor	is	defined	as	a	material	inside	of	which	both	time-varying	electric	and	magnetic	fields	vanish	when	it	is	subjected	to	an	electromagnetic	field.	The	tangential	components	of	the	magnetic	field	also	vanish	next	to	its	surface.	In	addition,	the	magnetic	charge	moves	to	the	surface	of	the	material	and	creates	a	magnetic
current	density	that	resides	on	a	very	thin	layer	at	the	surface.	Although	such	materials	do	not	physically	exist,	they	are	often	used	in	electromagnetics	to	develop	electrical	equivalents	that	yield	the	same	answers	as	the	actual	physical	problems.	PMCs	can	be	synthesized	approximately	over	a	limited	frequency	range	(band-gap);	see	Section	8.8	.	1.6
POWER	AND	ENERGY	In	a	wireless	communication	system,	electromagnetic	fields	are	used	to	transport	information	over	long	distances.	To	accomplish	this,	energy	must	be	associated	with	electromagnetic	fields.	This	transport	of	energy	is	accomplished	even	in	the	absence	of	any	intervening	medium.	To	derive	the	equations	that	indicate	that	energy
(and	forms	of	it)	is	associated	with	electro-	magnetic	waves,	let	us	consider	a	region	V	characterized	by	ε,	μ,	σ	and	enclosed	by	the	surface	S	,	as	shown	in	Figure	1-5.	Within	that	region	there	exist	electric	and	magnetic	sources	represented,	respectively,	by	the	electric	and	magnetic	current	densities	i	and	i	.	The	fields	generated	by	i	and	i	that	exist
within	S	are	represented	by	,	.	These	fields	obey	Maxwell’s	equations,	and	we	can	write	using	(1-1)	and	(1-2)	that	∇	×		=	−i	−	∂	∂t	=	−i	−	μ∂	∂t	=	−i	−	d	(1-49a)	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	19	POWER	AND	ENERGY	19	S	V	e,	m,	s	n	,		,		i	i	Figure	1-5	Electric	and	magnetic	fields	within	S	generated	by	i	and	i	.	∇	×		=	i	+	c	+	∂	∂t	=	i	+
σ	+	ε	∂	∂t	=	i	+	c	+	d	(1-49b)	Scalar	multiplying	(1-49a)	by		and	(1-49b)	by	,	we	can	write	that		•	(∇	×	)	=	−	•	(i	+	d	)	(1-50a)		•	(∇	×	)	=		•	(i	+	c	+	d	)	(1-50b)	Subtracting	(1-50b)	from	(1-50a)	reduces	to		•	(∇	×	)	−		•	(∇	×	)	=	−	•	(i	+	d	)	−		•	(i	+	c	+	d	)	(1-51)	Using	the	vector	identity	∇	•	(A	×	B)	=	B	•	(∇	×	A)	−	A	•	(∇	×	B)	(1-52)	on	the	left	side	of	(1-
51),	we	can	write	that	∇	•	(	×	)	=	−	•	(i	+	d	)	−		•	(i	+	c	+	d	)	(1-53)	or	∇	•	(	×	)	+		•	(i	+	d	)	+		•	(i	+	c	+	d	)	=	0	(1-53a)	Integrating	(1-53)	over	the	volume	V	leads	to∫∫∫	V	∇	•	(	×	)	dv	=	−	∫∫∫	V	[	•	(i	+	d	)	+		•	(i	+	c	+	d	)]	dv	(1-54)	Applying	the	divergence	theorem	(1-8)	on	the	left	side	of	(1-54)	reduces	it	to	#S	(	×	)	•	ds	=	−	∫∫∫	V	[	•	(i	+	d	)	+		•	(i	+	c
+	d	)]	dv	(1-55)	or	#S	(	×	)	•	ds	+	∫∫∫	V	[	•	(i	+	d	)	+		•	(i	+	c	+	d	)]	dv	=	0	(1-55a)	Equations	1-53a	and	1-55a	can	be	interpreted,	respectively,	as	the	differential	and	integral	forms	of	the	conservation	of	energy	.	To	accomplish	this,	let	us	consider	each	of	the	terms	included	in	(1-55a).	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	20	20	TIME-
VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	The	integrand,	in	the	first	term	of	(1-55a),	has	the	form	=		×		(1-56)	where	is	known	as	the	Poynting	vector.	It	has	the	units	of	power	density	(watts/square	meter),	since		has	units	of	volts/meter	and		has	units	of	ampere/meter,	so	that	the	units	of	are	volts	·	ampere/meter2	=
watts/meter2.	Thus	the	first	term	of	(1-55a),	written	as	e	=#S	(	×	)	•	ds	=#S	•	ds	(1-57)	represents	the	total	power	e	exiting	the	volume	V	bounded	by	the	surface	S	.	The	other	terms	in	(1-55a),	which	represent	the	integrand	of	the	volume	integral,	can	be	written	as	ps	=	−(	•	i	+		•	i	)	(1-58a)		•	d	=		•	∂	∂t	=	μ	•	∂	∂t	=	1	2	μ	∂2	∂t	=	∂	∂t	(	1	2	μ2	)	=	∂	∂t
wm	(1-58b)	pd	=		•	c	=		•	(σ)	=	σ2	(1-58c)		•	d	=		•	∂	∂t	=	ε	•	∂	∂t	=	1	2	ε	∂2	∂t	=	∂	∂t	(	1	2	ε2	)	=	∂	∂t	we	(1-58d)	where	wm	=	1	2	μ2	=	magnetic	energy	density(J/m3)	(1-58e)	we	=	1	2	ε2	=	electric	energy	density(J/m3)	(1-58f)	ps	=	−(	•	i	+		•	i	)	=	supplied	power	density(W/m3)	(1-58g)	pd	=	σ2	=	dissipated	power	density(W/m3)	(1-58h)	Integrating
each	of	the	terms	in	(1-58a)	through	(1-58d),	we	can	write	the	corresponding	forms	as	s	=	−	∫∫∫	V	(	•	i	+		•	i	)	dv	=	∫∫∫	V	ps	dv	(1-59a)∫∫∫	V	(	•	d	)	dv	=	∂	∂t	∫∫∫	V	1	2	μ2	dv	=	∂	∂t	∫∫∫	V	wm	dv	=	∂	∂t	m	(1-59b)	d	=	∫∫∫	V	(	•	c)	dv	=	∫∫∫	V	σ2	dv	=	∫∫∫	V	pd	dv	(1-59c)∫∫∫	V	(	•	d	)	dv	=	∂	∂t	∫∫∫	V	1	2	ε2	dv	=	∂	∂t	∫∫∫	V	we	dv	=	∂	∂t	e	(1-59d)	Balanis	c01.tex	V3	-
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=	q	e	v	∇	·	=	q	m	v	∇	·B	=	q	m	v	∇	·	ic	=	−	∂	q	e	v	∂	t	∇	·J	ic	=	−j	ω	q	e	v	In	te	gr	al	fo	rm	∮	C	·d		=	−	∫∫	S	i	·d	s	−	∂	∂	t	∫∫	S	·d	s	∮	CE	·d		=	−	∫∫	SM	i	·d	s	−	jω	∫∫	SB	·d	s	∮	C	·d		=	∫∫	S	i	·d	s	+	∫∫	S	c	·d	s	+	∂	∂	t	∫∫	S	·d	s	∮	CH	·d		=	∫∫	SJ	i	·d	s	+	∫∫	SJ	c	·d	s	+	jω	∫∫	SD	·d	s	#	S		·d	s	=		e	#	S	D	·d	s	=	Q	e	#	S		·d	s	=		m	#	S	B	·d	s	=	Q	m	#	S		ic	·d	s	=	−	∂		e	∂	t
#	S	J	i	c	·d	s	=	−j	ω	Q	e	23	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	24	24	TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	TABLE	1-5	Boundary	conditions	on	time-harmonic	electromagnetic	fields	Finite	conductivity	media,	Medium	1	of	Medium	1	of	no	sources	or	infinite	electric	infinite	charges	conductivity	magnetic	σ1,
σ2		=	∞	(E1	=	H1	=	0)	conductivity	Js	=	Ms	=	0	σ1	=	∞;	σ2		=	∞	(E1	=	H1	=	0)	General	qes	=	qms	=	0	Ms	=	0;	qms	=	0	Js	=	0;	qes	=	0	Tangential	electric	field	intensity	−n̂	×	(E2	−	E1)	=	Ms	n̂	×	(E2	−	E1)	=	0	n̂	×	E2	=	0	−n̂	×	E2	=	Ms	Tangential	magnetic	field	intensity	n̂	×	(H2	−	H1)	=	Js	n̂	×	(H2	−	H1)	=	0	n̂	×	H2	=	Js	n̂	×	H2	=	0	Normal	electric
flux	density	n̂	·	(D2	−	D1)	=	qes	n̂	·	(D2	−	D1)	=	0	n̂	·	D2	=	qes	n̂	·	D2	=	0	Normal	magnetic	flux	density	n̂	·	(B2	−	B1)	=	qms	n̂	·	(B2	−	B1)	=	0	n̂	·	B2	=	0	n̂	·	B2	=	qms	the	two	media	is	a	very	good	conductor	(material	that	possesses	large	but	finite	conductivity).	This	is	illustrated	in	Figure	1-6	where	it	is	assumed	that	medium	1	is	a	very	good
conductor	whose	surface,	as	will	be	shown	in	Section	4.3.1,	exhibits	a	surface	impedance	Zs	(ohms)	given,	approximately,	by	(4-42)	or	Zs	=	Rs	+	jXs	=	(1	+	j	)	√	ωμ1	2σ1	(1-62)	with	equal	real	and	imaginary	(inductive)	parts	(σ1	is	the	conductivity	of	the	conductor).	At	the	surface	there	exists	a	linear	current	density	Js	(A/m)	related	to	the	tangential
magnetic	field	in	medium	2	by	Js			n̂	×	H2	(1-63)	Since	the	conductivity	is	finite	(although	large),	the	most	intense	current	density	resides	at	the	surface,	and	it	diminishes	(in	an	exponential	form)	as	the	observations	are	made	deeper	into	the	conductor.	This	is	demonstrated	in	Example	5.7	of	Section	5.4.1.	In	addition,	the	electric	field	intensity	along
the	interface	cannot	be	zero	(although	it	may	be	small).	Thus,	we	can	write	that	E	2,	H	2,	D	2,	B2	E	1,	H	1,	D	1,	B1	e	2,	m2,	s2	e	1,	m1,	s1	1	2	y	x	Zs	=	Rs	+	jXs	large)	(s1	z	n	Figure	1-6	Surface	impedance	along	the	surface	of	a	very	good	conductor.	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	25	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	25
the	tangential	component	of	the	electric	field	in	medium	2,	along	the	interface,	is	related	to	the	electric	current	density	Js	and	tangential	component	of	the	magnetic	field	by	Et2	=	ZsJs	=	Zs	n̂	×	H2	=	n̂	×	H2	√	ωμ1	2σ1	(1	+	j	)	(1-64)	For	time-harmonic	fields,	the	boundary	conditions	on	the	normal	components	are	not	inde-	pendent	of	those	on	the
tangential	components,	and	vice-versa,	since	they	are	related	through	Maxwell’s	equations.	In	fact,	if	the	tangential	components	of	the	electric	and	magnetic	fields	sat-	isfy	the	boundary	conditions,	then	the	normal	components	of	the	same	fields	necessarily	satisfy	the	appropriate	boundary	conditions.	For	example,	if	the	tangential	components	of	the
electric	field	are	continuous	across	a	boundary,	their	derivatives	(with	respect	to	the	coordinates	on	the	boundary	surface)	are	also	continuous.	This,	in	turn,	ensures	continuity	of	the	normal	component	of	the	magnetic	field.	To	demonstrate	that,	let	us	refer	to	the	geometry	of	Figure	1-6	where	the	local	surface	along	the	interface	is	described	by	the	x,
z	coordinates	with	y	being	normal	to	the	surface.	Let	us	assume	that	Ex	and	Ez	are	continuous,	which	ensures	that	their	derivatives	with	respect	to	x	and	z	(∂Ex/∂x	,	∂Ex/∂z	,	∂Ez	/∂x	,	∂Ez	/∂z	)	are	also	continuous.	Therefore,	according	to	Maxwell’s	curl	equation	of	the	electric	field	∇	×	E	=	∇	×	(âx	Ex	+	âz	Ez	)	=	∣∣∣∣∣∣∣∣	âx	ây	âz	∂	∂x	0	∂	∂z	Ex	0	Ez	∣∣∣∣∣∣∣∣	=
âx	(0)	+	ây	(	∂Ex	∂z	−	∂Ez	∂x	)	+	âz	(0)	∇	×	E	=	ây	(	∂Ex	∂z	−	∂Ez	∂x	)	=	−jωμH	(1-65)	or	By	=	μHy	=	−	1	jω	(	∂Ex	∂z	−	∂Ez	∂x	)	(1-65a)	According	to	(1-65a),	By	,	the	normal	component	of	the	magnetic	flux	density	along	the	interface,	is	continuous	across	the	boundary	if	∂Ex/∂z	and	∂Ez	/∂x	are	also	continuous	across	the	boundary.	In	a	similar	manner,	it
can	be	shown	that	continuity	of	the	tangential	components	of	the	magnetic	field	ensures	continuity	of	the	normal	component	of	the	electric	flux	density	(D).	1.7.3	Power	and	Energy	In	Section	1.6,	it	was	shown	that	power	and	energy	are	associated	with	time-varying	electromag-	netic	fields.	The	conservation-of-energy	equation,	in	differential	and
integral	forms,	was	stated	respectively	by	(1-53a)	and	(1-55a).	Similar	equations	can	be	derived	for	time-harmonic	electro-	magnetic	fields	using	the	complex	spatial	forms	of	the	field	vectors.	Before	we	attempt	this,	let	us	first	rewrite	the	instantaneous	Poynting	vector	in	terms	of	the	complex	field	vectors.	The	instantaneous	Poynting	vector	was
defined	by	(1-56)	and	is	repeated	here	as	=		×		(1-66)	The	electric	and	magnetic	fields	of	(1-61a)	and	(1-61b)	can	also	be	written	as	(x	,	y	,	z	;	t)	=	Re[E(x	,	y	,	z	)ejωt	]	=	12	[Eejωt	+	(Eejωt	)∗]	(1-67a)	(x	,	y	,	z	;	t)	=	Re[H(x	,	y	,	z	)ejωt	]	=	12	[Hejωt	+	(Hejωt	)∗]	(1-67b)	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	28	28	TIME-VARYING	AND	TIME-
HARMONIC	ELECTROMAGNETIC	FIELDS	the	complex	power	of	a	series	circuit	consisting	of	a	resistor	R	in	series	with	an	inductor	L,	with	a	current	I	through	both	R	and	L	and	total	voltage	V	across	both	the	resistor	and	inductor,	can	be	written,	based	on	(1-77),	as	P	=	1	2	(VI	∗)	=	1	2	(ZI	)I	∗	=	1	2	Z	|I	|2	=	1	2	(R	+	jωL)|I	|2	(1-77a)	The	imaginary
part	of	(1-77a)	is	positive.	Similarly,	for	a	parallel	circuit	consisting	of	a	conductor	G	in	parallel	with	a	capacitor	C	,	with	a	voltage	V	across	G	and	C	and	a	total	current	I	(I	=	IG	+	IC	,	where	IG	is	the	current	through	the	conductor	and	IC	is	the	current	through	the	capacitor),	its	complex	power	P	,	based	on	(1-77),	can	be	expressed	as	P	=	1	2	(VI	∗)	=	1
2	V	(YV	)∗	=	1	2	Y	∗|V	|2	=	1	2	(G	+	jωC	)∗|V	|2	=	1	2	(G	−	jωC	)|V	|2	(1-77b)	TABLE	1-6	Relations	between	time-harmonic	electromagnetic	field	and	steady-state	a.c.	circuit	theories	Field	theory	Circuit	theory	1.	E	(electric	field	intensity)	1.	v	(voltage)	2.	H	(magnetic	field	intensity)	2.	i	(current)	3.	D	(electric	flux	density)	3.	qev	(electric	charge
density)	4.	B	(magnetic	flux	density)	4.	qmv	(magnetic	charge	density)	5.	J	(electric	current	density)	5.	ie	(electric	current)	6.	M	(magnetic	current	density)	6.	im	(magnetic	current)	7.	Jd	=	jωεE	(electric	displacementcurrent	density)	7.	i	=	jωCv	(current	through	a	capacitor)	8.	Md	=	jωμH	(magnetic	displacementcurrent	density)	8.	v	=	jωLi	(voltage
across	an	inductor)	9.	Constitutive	relations	9.	Element	laws	(a)	Jc	=	σE	(electric	conductioncurrent	density)	(a)	i	=	Gv	=	1	R	v	(Ohm’s	law)	(b)	D	=	εE	(dielectric	material)	(b)	Qe	=	Cv	(charge	in	a	capacitor)	(c)	B	=	μH	(magnetic	material)	(c)	ψ	=	Li	(flux	of	an	inductor)	10.	∮	C	E	·	d	=	−jω	∫∫	S	B	·	ds	(Maxwell–Faraday	equation)	10.	∑	v	=	−jωLs	i		0
(Kirchhoff’svoltage	law)	11.	#S	Jic	·	ds	=	−jω	∫∫∫	V	qevdv	=	−∂Qe	∂t	(continuity	equation)	11.	∑	i	=	−jωQe	=	−jωCsv		0	(Kirchoff’s	current	law)	12.	Power	and	energy	densities	12.	Power	and	energy	(v	and	i	represent	peak	values)	(a)	1	2#S	(E	×	H	∗)	·	ds	(complex	power)	(a)	P	=	1	2	vi	(power-voltage-current	relation)	(b)	1	2	∫∫∫	V	σ	|E|2dv	(dissipated
real	power)	(b)	Pd	=	1	2	Gv2	=	1	2	v2	R	(power	dissipated	in	a	resistor)	(c)	1	4	∫∫∫	V	ε|E|2dv	(time-average	electric	stored	energy)	(c)	1	4	Cv2	(energy	stored	in	a	capacitor)	(d)	1	4	∫∫∫	V	μ|H|2dv	(time-average	magnetic	stored	energy)	(d)	1	4	Li	2	(energy	stored	in	an	inductor)	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	29	MULTIMEDIA	29	The
imaginary	part	of	(1-77b)	is	negative.	Therefore	the	imaginary	parts	of	(1-77a)	and	(1-	77b)	conform,	respectively,	to	the	notation	(positive	and	negative)	of	the	imaginary	parts	of	the	complex	power	in	(1-76)	due	to	the	H	and	E	fields.	The	field	and	circuit	theory	relations	for	time-harmonic	electromagnetic	fields	are	similar	to	those	found	in	Table	1-2
for	the	general	time-varying	electromagnetic	fields,	but	with	the	instan-	taneous	field	quantities	(represented	by	script	letters)	replaced	by	their	corresponding	complex	field	quantities	(represented	by	roman	letters)	and	with	∂/∂t	replaced	by	jω	(∂/∂t	≡	jω).	These	are	shown	listed	in	Table	1-6.	Over	the	years	many	excellent	introductory	books	on
electromagnetics,	[1]	through	[28],	and	advanced	books,	[29]	through	[40],	have	been	published.	Some	of	them	can	serve	both	purposes,	and	a	few	may	not	now	be	in	print.	Each	is	contributing	to	the	general	knowledge	of	electro-	magnetic	theory	and	its	applications.	The	reader	is	encouraged	to	consult	them	for	an	even	better	understanding	of	the
subject.	1.8	MULTIMEDIA	On	the	website	that	accompanies	this	book,	the	following	multimedia	resources	are	included	for	the	review,	understanding	and	presentation	of	the	material	of	this	chapter.	•	Power	Point	(PPT)	viewgraphs,	in	multicolor.	REFERENCES	1.	F.	T.	Ulaby,	E.	Michielssen	and	U.	Ravaioli,	Fundamentals	of	Applied	Electromagnetics	,
Sixth	Edition,	Pearson	Education,	Inc.,	Upper	Saddle	River,	NJ,	2010.	2.	M.	N.	Sadiku,	Elements	of	Electromagnetics	,	Fifth	Edition,	Oxford	University	Press,	Inc.,	New	York,	2010.	3.	S.	M.	Wenthworth,	Fundamentals	of	Electromagnetics	with	Engineering	Applications	,	John	Wiley	&	Sons,	2005.	4.	C.	R.	Paul,	Electromagnetics	for	Engineers:	With
Applications	to	Digital	Systems	and	Electromagnetic	Interference,	John	Wiley	&	Sons,	Inc.,	2004.	5.	N.	Ida,	Engineering	Electromagnetics	,	Second	Edition,	Springer,	NY,	2004.	6.	U.	S.	Inan	and	A.	S.	Inan,	Electromagnetic	Waves	,	Prentice-Hall,	Inc.,	Upper	Saddle	River,	NJ,	2000.	7.	M.	F.	Iskander,	Electromagnetic	Fields	&	Waves	,	Waveland	Press,
Inc.,	Long	Grove,	IL,	2000.	8.	K.	R.	Demarest,	Engineering	Electromagnetics	,	Prentice-Hall,	Inc.,	Upper	Saddle	River,	NJ,	1998.	9.	G.	F.	Miner,	Lines	and	Electromagnetic	Fields	for	Engineers	,	Oxford	University	Press,	Inc.,	New	York,	1996.	10.	D.	H.	Staelin,	A.	W.	Morgenthaler	and	J.	A.	Kong,	Electromagnetic	Waves	,	Prentice-Hall,	Inc.,	Engle-	wood
Cliffs,	NJ,	1994.	11.	J.	D.	Kraus,	Electromagnetics	,	Third	Edition,	McGraw-Hill,	New	York,	1992.	12.	S.	Ramo,	J.	R.	Whinnery	and	T.	Van	Duzer,	Fields	and	Waves	in	Communication	Electronics	,	Second	Edition,	John	Wiley	&	Sons,	New	York,	1984.	13.	W.	H.	Hayt,	Jr.	and	John	A.	Buck,	Engineering	Electromagnetics	,	Sixth	Edition,	McGraw-Hill,	New
York,	2001.	14.	D.	T.	Paris	and	F.	K.	Hurd,	Basic	Electromagnetic	Theory	,	McGraw-Hill,	New	York,	1969.	15.	C.	T.	A.	Johnk,	Engineering	Electromagnetic	Fields	and	Waves	,	Second	Edition,	John	Wiley	&	Sons,	New	York,	1988.	16.	H.	P.	Neff,	Jr.,	Basic	Electromagnetic	Fields	,	Second	Edition,	John	Wiley	&	Sons,	New	York,	1987.	Balanis	c01.tex	V3	-
11/22/2011	3:03	P.M.	Page	30	30	TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	17.	S.	V.	Marshall,	R.	E.	DuBroff	and	G.	G.	Skitek,	Electromagnetic	Concepts	and	Applications	,	Fourth	Edition,	Prentice-Hall,	Englewood	Cliffs,	NJ,	1996.	18.	D.	K.	Cheng,	Field	and	Wave	Electromagnetics	,	Addison-Wesley,	Reading,	MA,	1983.
19.	C.	R.	Paul	and	S.	A.	Nasar,	Introduction	to	Electromagnetic	Fields	,	Third	Edition,	McGraw-Hill,	New	York,	1998.	20.	L.	C.	Shen	and	J.	A.	Kong,	Applied	Electromagnetism	,	Third	Edition,	PWS	Publishing	Co.,	Boston,	MA,	1987	21.	N.	N.	Rao,	Elements	of	Engineering	Electromagnetics	,	Fourth	Edition,	Prentice-Hall,	Englewood	Cliffs,	NJ,	1994.	22.
M.	A.	Plonus,	Applied	Electromagnetics	,	McGraw-Hill,	New	York,	1978.	23.	A.	T.	Adams,	Electromagnetics	for	Engineers	,	Ronald	Press,	New	York,	1971.	24.	M.	Zahn,	Electromagnetic	Field	Theory	,	John	Wiley	&	Sons,	New	York,	1979.	25.	L.	M.	Magid,	Electromagnetic	Fields,	Energy,	and	Waves	,	John	Wiley	&	Sons,	New	York,	1972.	26.	S.	Seely	and
A.	D.	Poularikas,	Electromagnetics:	Classical	and	Modern	Theory	and	Applications	,	Dekker,	New	York,	1979.	27.	D.	M.	Cook,	The	Theory	of	the	Electromagnetic	Field	,	Prentice-Hall,	Englewood	Cliffs,	NJ,	1975.	28.	R.	P.	Feynman,	R.	B.	Leighton,	and	M.	Sands,	The	Feynman	Lectures	on	Physics:	Mainly	Electromag-	netism	and	Matter	,	Volume	II,
Addison-Wesley,	Reading,	MA,	1964.	29.	W.	R.	Smythe,	Static	and	Dynamic	Electricity	,	McGraw-Hill,	New	York,	1939.	30.	J.	A.	Stratton,	Electromagnetic	Theory	,	Wiley-Interscience,	New	York,	2007.	31.	R.	E.	Collin,	Field	Theory	of	Guided	Waves	,	IEEE	Press,	New	York,	1991.	32.	E.	C.	Jordan	and	K.	G.	Balmain,	Electromagnetic	Waves	and	Radiating
Systems	,	Second	Edition,	Prentice-Hall,	Englewood	Cliffs,	NJ,	1968.	33.	R.	F.	Harrington,	Time-Harmonic	Electromagnetic	Fields	,	McGraw-Hill,	New	York,	1961.	34.	J.	R.	Wait,	Electromagnetic	Wave	Theory	,	Harper	&	Row,	New	York,	1985.	35.	J.	A.	Kong,	Theory	of	Electromagnetic	Waves	,	John	Wiley	&	Sons,	New	York,	1975.	36.	C.	C.	Johnson,
Field	and	Wave	Electrodynamics	,	McGraw-Hill,	New	York,	1965.	37.	J.	D.	Jackson,	Classical	Electrodynamics	,	Third	Edition,	John	Wiley	&	Sons,	New	York,	1999.	38.	D.	S.	Jones,	Methods	in	Electromagnetic	Wave	Propagation	,	Oxford	Univ.	Press	(Clarendon),	Lon-	don/New	York,	1979.	39.	M.	Kline	(Ed.),	The	Theory	of	Electromagnetic	Waves	,
Interscience,	New	York,	1951.	40.	J.	Van	Bladel,	Electromagnetic	Fields	,	Second	Edition,	Wiley-Interscience,	New	York,	2007.	PROBLEMS	1.1.	Derive	the	differential	form	of	the	continuity	equation,	as	given	by	(1-6),	from	Maxwell’s	equations	1-1	through	1-4.	1.2.	Derive	the	integral	forms	of	Maxwell’s	equations	and	the	continuity	equation,	as	listed
in	Table	1-1,	from	the	corresponding	ones	in	differential	form.	1.3.	The	electric	flux	density	inside	a	cube	is	given	by:	(a)	D	=	âx	(3	+	x)	(b)	D	=	ây	(4	+	y2)	Find	the	total	electric	charge	enclosed	inside	the	cubical	volume	when	the	cube	is	in	the	first	octant	with	three	edges	coincident	with	the	x	,	y	,	z	axes	and	one	corner	at	the	origin.	Each	side	of	the
cube	is	1	m	long.	1.4.	An	infinite	planar	interface	between	media,	as	shown	in	the	figure,	is	formed	by	having	air	(medium	#1)	on	the	left	of	the	inter-	face	and	lossless	polystyrene	(medium	#2)	(with	a	dielectric	constant	of	2.56)	to	the	right	of	the	interface.	An	electric	surface	charge	density	qes	=	0.2	C/m2	exists	along	the	entire	interface.	The	static
electric	flux	density	inside	the	polystyrene	is	given	by	D2	=	6âx	+	3âz	C/m2	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	33	PROBLEMS	33	radius	a	=	0.1	m,	placed	on	the	xy	plane	at	z	=	0,	is	given	by			=	âz	10	−12	1	+	25ρ	cos(1500π	t)	Wb/m	2	where	ρ	is	the	radial	distance	in	cylindrical	coordinates.	Find	the:	(a)	Total	flux	in	the	z	direction
passing	through	the	loop.	(b)	Electric	field	at	any	point	ρ	within	the	loop.	Check	your	answer	by	using	Maxwell’s	equation	1-1.	1.13.	The	instantaneous	magnetic	flux	density	in	free	space	is	given	by			=	âx	Bx	cos(2y)	sin(ωt	−	πz	)	+	ây	By	cos(2x)	cos(ωt	−	πz	)	where	Bx	and	By	are	constants.	Assum-	ing	there	are	no	sources	at	the	observation	points	x	,	y
,	determine	the	electric	displace-	ment	current	density.	1.14.	The	displacement	current	density	within	a	source-free	(	i	=	0)	cube	centered	about	the	origin	is	given	by		d	=	âx	yz	+	ây	y2	+	âz	xyz	Each	side	of	the	cube	is	1	m	long	and	the	medium	within	it	is	free	space.	Find	the	dis-	placement	current	leaving,	in	the	outward	direction,	through	the	surface
of	the	cube.	1.15.	The	electric	flux	density	in	free	space	produced	by	an	oscillating	electric	charge	placed	at	the	origin	is	given	by			=	âr	10	−9	4π	1	r2	cos(ωt	−	βr)	where	β	=	ω√μ0ε0.	Find	the	time-average	charge	that	produces	this	electric	flux	den-	sity.	1.16.	The	electric	field	radiated	at	large	distances	in	free	space	by	a	current-carrying	small	cir-



cular	loop	of	radius	a	,	placed	on	the	xy	plane	at	z	=	0,	is	given	by			=	âφE0	sin	θ	cos(ωt	−	β0r)	r	,	r			a	where	E0	is	a	constant,	β0	=	ω√μ0ε0,	r	is	the	radial	distance	in	spherical	coordi-	nates,	and	θ	is	the	spherical	angle	measured	from	the	z	axis	that	is	perpendicular	to	the	plane	of	the	loop.	Determine	the	correspond-	ing	radiated	magnetic	field	at	large
distances	from	the	loop	(r		a).	1.17.	A	time-varying	voltage	source	of	v(t)	=	10	cos(ωt)	is	connected	across	a	paral-	lel	plate	capacitor	with	polystyrene	(ε	=	2.56ε0,	σ	=	3.7×10−4	S/m)	between	the	plates.	Assuming	a	small	plate	separation	of	2	cm	and	no	field	fringing,	determine	at:	(a)	f	=	1	MHz	(b)	f	=	100	MHz	the	maximum	values	of	the	conduction
and	displacement	current	densities	within	the	polystyrene	and	compare	them.	1.18.	A	dielectric	slab	of	polystyrene	(ε	=	2.56ε0,	μ	=	μ0)	of	height	2h	is	bounded	above	and	below	by	free	space,	as	shown	in	Figure	P1-18.	Assuming	the	electric	field	within	the	slab	is	given	by			=	(ây	5	+	âz	10)	cos(ωt	−	βx)	where	β	=	ω√μ0ε,	determine	the:	(a)
Corresponding	magnetic	field	within	the	slab.	(b)	Electric	and	magnetic	fields	in	free	space	right	above	and	below	the	slab.	x	e0,	m0	e0,	m0	2.56	e0,	m0	2.56	e0,	m0	y	z	h	h	Figure	P1-18	1.19.	A	finite	conductivity	rectangular	strip,	shown	in	Figure	P1-19,	is	used	to	carry	electric	current.	Because	of	the	strip’s	lossy	nature,	the	current	is	nonuniformly
dis-	tributed	over	the	cross	section	of	the	strip.	The	current	density	on	the	upper	and	lower	sides	is	given	by			=	âz	104	cos(2π×109t)	A/m2	and	it	rapidly	decays	in	an	exponential	fash-	ion	from	the	lower	side	toward	the	center	by	the	factor	e−106y	,	or			=	âz	104e−106y	cos(2π×109t)	A/m2	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	34	34	TIME-
VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	A	similar	decay	is	experienced	by	the	cur-	rent	density	from	the	upper	side	toward	the	center.	Assuming	no	variations	of	the	cur-	rent	density	with	respect	to	x	,	determine	the	total	current	flowing	through	the	wire.	x	y	z	5	mm	0.5	mm	Figure	P1-19	1.20.	The	instantaneous	electric	field
inside	a	conducting	rectangular	pipe	(waveguide)	of	width	a	is	given	by			=	ây	E0	sin	(π	a	x	)	cos(ωt	−	βz	z	)	where	βz	is	the	waveguide’s	phase	constant.	Assuming	there	are	no	sources	within	the	free-space-filled	pipe	determine	the:	(a)	Corresponding	instantaneous	magnetic	field	components	inside	the	conducting	pipe.	(b)	Phase	constant	βz	.	The
height	of	the	waveguide	is	b.	1.21.	The	instantaneous	electric	field	intensity	inside	a	source-free	coaxial	line	with	inner	and	outer	radii	of	a	and	b,	respectively,	that	is	filled	with	a	homogeneous	dielectric	of	ε	=	2.25ε0,	μ	=	μ0,	and	σ	=	0,	is	given	by			=	âρ	(	100	ρ	)	cos(108t	−	βz	)	where	β	is	the	phase	constant	and	ρ	is	the	cylindrical	radial	distance	from
the	center	of	the	coaxial	line.	Determine	the:	(a)	Corresponding	instantaneous	magnetic	field	.	(b)	Phase	constant	β.	(c)	Displacement	current	density	d	.	1.22.	A	coaxial	line	resonator	with	inner	and	outer	conductors	at	a	=	5	mm	and	b	=	20	mm,	and	with	conducting	plates	at	z	=	0	and	z	=	,	is	filled	with	a	dielectric	with	εr	=	2.56,	μr	=	1,	and	σ	=	0.
The	instan-	taneous	magnetic	field	intensity	inside	the	source-free	dielectric	medium	is	given	by			=	âφ	(	2	ρ	)	cos	(π			z	)	cos(4π×108t)	Find	the	following:	(a)	Electric	field	intensity	within	the	dielec-	tric.	(b)	Surface	current	density		s	at	the	con-	ductor	surfaces	at	ρ	=	a	and	ρ	=	b.	(c)	Displacement	current	density		d	at	any	point	within	the	dielectric.	(d)
Total	displacement	current	flowing	through	the	circumferential	surface	of	the	resonator.	1.23.	Using	the	instantaneous	forms	of	Maxwell’s	equation	and	the	continuity	equations	listed	in	Tables	1-1	and	1-4,	derive	the	correspond-	ing	time-harmonic	forms	(in	differential	and	integral	forms)	listed	in	Table	1-4.	Use	def-	initions	(1-61a)	through	(1-61f).
1.24.	Show	that	the	electric	and	magnetic	fields	(1-61a)	and	(1-61b)	can	be	written,	respec-	tively,	as	in	(1-67a)	and	(1-67b).	1.25.	The	time-harmonic	instantaneous	electric	field	traveling	along	the	z	-axis,	in	a	free-	space	medium,	is	given	by		(z	,	t)	=	âx	Eo	sin	[	(ωt	−	βoz	)	+	(π	2	)]	where	Eo	is	a	real	constant	and	βo	=	ω	√	μoεo	.	(a)	Write	an	expression
for	the	complex	spatial	electric	field	intensity	E(z	).	(b)	Find	the	corresponding	complex	spatial	magnetic	field	intensity	H(z	).	(c)	Determine	the	time-average	Poynting	vector	(average	power	density)	Save.	1.26.	An	electric	line	source	of	infinite	length	and	constant	current,	placed	along	the	z	axis,	radiates	in	free	space	at	large	distances	from	the
source	(ρ			0)	a	time-harmonic	com-	plex	magnetic	field	given	by	H	=	âφH0	e	−jβ0ρ	√	ρ	,	ρ			0	where	H0	is	a	constant,	β0	=	ω√μ0ε0,	and	ρ	is	the	radial	cylindrical	distance.	Determine	the	corresponding	electric	field	for	ρ			0.	1.27.	The	time-harmonic	complex	electric	field	radiated	in	free	space	by	a	linear	radiating	element	is	given	by	E	=	âr	Er	+	âθ	Eθ
Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	35	PROBLEMS	35	Er	=	E0	cos	θ	r2	[	1	+	1	jβ0r	]	e−jβ0r	Eθ	=	jE0	β	sin	θ	2r	[	1	+	1	jβ0r	−	1	(β0r)2	]	e−jβ0r	where	âr	and	âθ	are	unit	vectors	in	the	spherical	directions	r	and	θ	,	E0	is	a	con-	stant,	and	β0	=	ω√μ0ε0.	Determine	the	cor-	responding	spherical	magnetic	field	compo-	nents.	1.28.	The	time-
harmonic	complex	electric	field	radiated	by	a	current-carrying	small	circular	loop	in	free	space	is	given	by	E	=	âφE0	sin	θ	r	[	1	+	1	jβ0r	]	e−jβ0r	where	âφ	is	the	spherical	unit	vector	in	the	φ	direction,	E0	is	a	constant,	and	β0	=	ω√μ0ε0.	Determine	the	correspond-	ing	spherical	magnetic	field	components.	1.29.	The	complex	electric	field	inside	an
infinitely	long	rectangular	pipe,	with	all	four	vertical	walls	perfectly	electric	conducting,	as	shown	in	Figure	P1-29,	is	given	by	E	=	âz	(1	+	j	)	sin	(π	a	x	)	sin	(π	b	y	)	Assuming	that	there	are	no	sources	within	the	box	and	a	=	λ0,	b	=	0.5λ0,	and	μ	=	μ0,	where	λ0	=	free	space,	infinite	medium	x	y	z	a	b	Figure	P1-29	wavelength,	find	the:	(a)	Conductivity.
(b)	Dielectric	constant.	of	the	medium	within	the	box.	1.30.	A	time-harmonic	electromagnetic	field	in	free	space	is	perpendicularly	incident	upon	a	perfectly	conducting	semi-infinite	planar	surface,	as	shown	in	Figure	P1-30.	Assum-	ing	the	incident	Ei	and	reflected	Er	complex	electric	fields	on	the	free-space	side	of	the	interface	are	given	by	Ei	=	âx
e−jβ0z	Er	=	−âx	e+jβ0z	where	β0	=	ω√μ0ε0	determine	the	current	density	Js	induced	on	the	surface	of	the	conducting	surface.	Eval-	uate	all	the	constants.	zy	x	s	=	∞Incident	e0,	m0	Reflected	Figure	P1-30	1.31.	The	free-space	incident	Ei	and	reflected	Er	fields	of	a	time-harmonic	electromagnetic	field	obliquely	incident	upon	a	perfectly	conducting
semi-infinite	planar	surface	of	Figure	P1-31	are	given	by	Ei	=	ây	E0e−jβ0(x	sin	θi	+z	cos	θi	)	Er	=	ây	E0	h	e−jβ0(x	sin	θi	−z	cos	θi	)	z	y	x	s	=	∞	Incident	e0,	m0	Reflected	qi	qi	Figure	P1-31	Balanis	c01.tex	V3	-	11/22/2011	3:03	P.M.	Page	38	38	TIME-VARYING	AND	TIME-HARMONIC	ELECTROMAGNETIC	FIELDS	(a)	Corresponding	complex	magnetic
field.	(b)	Supplied	complex	power.	(c)	Exiting	complex	power.	(d)	Dissipated	real	power.	(e)	Time-average	magnetic	energy.	(f)	Time-average	electric	energy.	Ultimately	verify	that	the	conservation-of-	energy	equation	in	integral	form	is	satisfied	for	this	set	of	fields	inside	this	section	of	the	waveguide.	1.44.	For	the	waveguide	and	its	set	of	fields	of
Problem	1.43,	verify	the	conservation-of-	energy	equation	in	differential	form	for	any	observation	point	within	the	waveguide.	1.45.	The	normalized	time-harmonic	electric	field	inside	an	air-filled,	source-free	rectangu-	lar	pipe/waveguide	of	infinite	length	and	with	cross-sectional	dimensions	of	a	and	b,	whose	four	walls	(left-right,	top-bottom)	are
perfect	electric	conductors	(PEC,	σ	=	∞),	is	given	by	Ex	=	cos(βx	x)	sin(βy	y)	Ey	=	sin(βx	x)	cos(βy	y)	where	βx	and	βy	are	real	constants.	For	non-	trivial(nonzero)	fields,	determine	all	possible	values	of	βx	in	terms	of	a	,	and	βy	in	terms	of	b.	a	b	z	x	y	s	=	∞	Figure	P1-45	1.46.	At	microwave	frequencies,	high	Q	resonant	cavities	are	usually	constructed	of
enclosed	conducting	pipes	(waveguides)	of	different	cross	sections.	One	such	cavity	is	that	of	rectangular	cross	section	that	is	enclosed	on	all	six	sides,	as	shown	in	Figure	P1-46.	One	set	of	complex	fields	that	can	exist	inside	such	a	source-free	cavity	filled	with	free	space	is	given	by	E	=	ây	E0	sin	(π	a	x	)	sin	(π	c	z	)	such	that	ω	=	ωr	=	1√	μ0ε0	√(π	a	)2
+	(π	c	)2	where	E0	is	a	constant	and	ωr	is	referred	to	as	the	resonant	radian	frequency.	Within	the	cavity,	determine	the:	(a)	Corresponding	magnetic	field.	(b)	Supplied	complex	power.	(c)	Dissipated	real	power.	(d)	Time-average	magnetic	energy.	(e)	Time-average	electric	energy.	Ultimately	verify	that	the	conservation	of	energy	equation	in	integral
form	is	sat-	isfied	for	this	set	of	fields	inside	this	resonant	cavity.	x	c	z	y	a	b	e0,	m0	Figure	P1-46	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	39	CHAPTER	2	Electrical	Properties	of	Matter	2.1	INTRODUCTION	Since	the	late	1990s	a	renewed	interest	has	been	spurred	in	the	application,	integration,	mod-	eling,	and	optimization	of	materials	in	a
plethora	of	electromagnetic	radiation,	guiding,	and	scattering	structures.	In	particular,	material	structures	whose	constitutive	parameters	(permittiv-	ity	and	permeability)	are	both	negative,	often	referred	to	as	a	Double	Negative	(DNG),	have	received	considerable	interest	and	attention.	Artificial	magnetic	conductors	can	also	be	included	in	the	DNG
class	of	materials.	A	more	inclusive	name	for	all	these	materials	is	metamaterials	.	It	is	the	class	of	metamaterials	that	has	captivated	the	interest	and	imagination	of	many	leading	researchers	and	practitioners,	scientists,	and	engineers	from	academia,	industry,	and	government.	When	electromagnetic	waves	interact	with	such	surfaces,	they	result	in
some	very	unique	and	intriguing	characteristics	and	phenomena	that	can	be	used,	for	example,	to	optimize	the	per-	formance	of	antennas,	microwave	devices,	and	other	electromagnetic	wave	guiding	structures.	While	the	revitalization	of	metamaterials	introduced	a	welcomed	renewed	interest	in	materials	for	electromagnetics,	especially	for
applications	related	to	antennas,	microwaves,	transmission	lines,	scattering,	optics,	etc.,	it	also	brought	along	some	spirited	dialogue	that	will	be	discussed	in	more	detail	in	Section	5.7.	The	uniqueness	of	these	materials	is	characterized	and	demonstrated	by	their	basic	constitutive	parameters,	such	as	permittivity,	permeability,	and	conductivity.	In
order	to	appreciate	the	behavior	of	materials,	it	is	very	important	that	engineers	and	scientists	under-	stand	the	very	basics	of	these	constitutive	parameters	from	d.c.	to	rf	frequencies.	An	in-depth	development	of	models	for	these	constitutive	parameters,	from	their	basic	atomic	structure	to	their	interaction	with	electromagnetic	fields,	is	undertaken
in	this	chapter.	An	atom	of	an	element	consists	of	a	very	small	but	massive	nucleus	that	is	surrounded	by	a	number	of	negatively	charged	electrons	revolving	about	the	nucleus.	The	nucleus	contains	neutrons	,	which	are	neutral	particles,	and	protons	,	which	are	positively	charged	particles.	All	matter	is	made	up	of	one	or	more	of	the	118	different
elements	that	are	now	known	to	exist.	Elements	112	to	118	have	been	discovered	but	not	confirmed.	Of	this	number,	only	92	occur	naturally.	If	the	substance	in	question	is	a	compound,	it	is	composed	of	two	or	more	different	elements.	The	smallest	constituent	of	a	compound	is	a	molecule,	which	is	composed	of	one	or	more	atoms	held	together	by	the
short-range	forces	of	their	electrical	charges.	For	a	given	element,	each	of	its	atoms	contains	the	same	number	of	protons	in	its	nucleus.	Depending	on	the	element,	that	number	ranges	from	1	to	118	and	represents	the	atomic	number	of	the	element.	For	an	atom	in	its	normal	state,	the	number	of	electrons	is	also	equal	to	the	atomic	number.	The
revolving	electrons	that	surround	the	nucleus	exist	in	various	shells,	and	they	exert	forces	of	repulsion	on	each	other	and	forces	of	attraction	on	the	positive	charges	of	the	nucleus.	39	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	40	40	ELECTRICAL	PROPERTIES	OF	MATTER	+	1P	+	13P	14N	+	14P	14N	+	32P	41N	Nucleus	(1	proton)	Nucleus	(32
protons	41	neutrons)	Nucleus	(14	protons	14	neutrons)	Nucleus	(13	protons	14	neutrons)	Third	shell	(3	electrons)	Second	shell	(8	electrons)	First	shell	(2	electrons)	Fourth	shell	(4	electrons)	Third	shell	(18	electrons)Third	shell	(4	electrons)	Second	shell	(8	electrons)	Second	shell	(8	electrons)	First	shell	(2	electrons)	First	shell	(2	electrons)	First	shell
(1	electron)	(a)	(b)	(c)	(d)	−	−	−	−	−	−−	−	−	−−	−	−	−	−−	−	−	−	−−	−−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−	−−	−	−	−	−	−	−	−	−	−	−	Figure	2-1	Atoms	of	representative	elements	of	most	interest	in	electronics.	(a)	Hydrogen	atom.	(b)	Aluminum	atom.	(c)	Silicon	atom.	(d	)	Germanium	atom.	(Source:	R.	R.	Wright	and	H.	R.	Skutt,
Electronics:	Circuits	and	Devices	,	1965;	reprinted	by	permission	of	John	Wiley	and	Sons,	Inc.)	The	outer	shell	of	an	atom	is	referred	to	as	the	valence	shell	(band)	and	the	electrons	occupying	that	shell	are	known	as	valence	electrons	.	They	are	of	most	interest	here.	The	portrayal	of	an	atom	by	such	a	model	is	referred	to	as	the	Bohr	model	[1].	Atoms
and	their	charges	for	some	typical	elements	of	interest	in	electronics	(such	as	hydrogen,	aluminum,	silicon,	and	germanium)	are	shown	in	Figure	2-1.	For	an	atom,	all	the	electrons	in	a	given	shell	(orbit)	exist	in	the	same	energy	level	(fixed	state).	Since	there	are	several	shells	(orbits)	around	the	nucleus	of	an	atom,	there	exist	several	discrete	energy
levels	(fixed	states)	each	representing	a	given	shell	(orbit).	In	general,	there	are	more	energy	levels	than	electrons.	Therefore	some	of	the	energy	levels	(orbits,	shells,	bands)	are	not	occupied	by	electrons.	The	Bohr	model	of	an	atom	states	that:	1.	Electrons	of	any	atom	exist	only	in	discrete	states	and	possess	only	discrete	amounts	of	energy
corresponding	to	the	discrete	radii	of	their	corresponding	orbital	shells.	2.	If	an	electron	moves	from	a	lower-	to	a	higher-energy	level	(orbit),	it	absorbs	a	discrete	quantity	of	energy	(referred	to	as	quanta).	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	43	DIELECTRICS,	POLARIZATION,	AND	PERMITTIVITY	43	Mechanism	No	applied	field	Applied
field	Dipole	or	orientational	polarization	lonic	or	molecular	polarization	Electronic	polarization	Ea	Ea	Ea	+	+	+	+	−	−	−	−	Figure	2-4	Mechanisms	producing	electric	polarization	in	dielectrics.	2.	Ionic	or	Molecular	Polarization:	This	polarization	is	evident	in	materials,	such	as	sodium	chloride	(NaCl),	that	possess	positive	and	negative	ions	and	that
tend	to	displace	themselves	when	an	electric	field	is	applied.	3.	Electronic	Polarization:	This	polarization	is	evident	in	most	materials,	and	it	exists	when	an	applied	electric	field	displaces	the	electric	cloud	center	of	an	atom	relative	to	the	center	of	the	nucleus.	If	the	charges	in	a	material,	in	the	absence	of	an	applied	electric	field	Ea	,	are	averaged	in
such	a	way	that	positive	and	negative	charges	cancel	each	other	throughout	the	entire	mate-	rial,	then	there	are	no	individual	dipoles	formed	and	the	total	dipole	moment	of	(2-2)	and	the	electric	polarization	vector	P	of	(2-3)	are	zero.	However,	when	an	electric	field	is	applied,	it	exhibits	a	net	nonzero	polarization.	Such	a	material	is	referred	to	as
nonpolar	,	and	it	is	illus-	trated	in	Figure	2-5a	.	Polar	materials	are	those	whose	charges	in	the	absence	of	an	applied	electric	field	Ea	are	distributed	so	that	there	are	individual	dipoles	formed,	each	with	a	dipole	moment	pi	as	given	by	(2-1)	but	with	a	net	total	dipole	moment	pt	=	0	and	electric	polarization	vector	P	=	0.	This	is	usually	a	result	of	the
random	orientation	of	the	dipoles	as	illustrated	in	Figure	2-5b.	Typical	dipole	moments	of	polar	materials	are	of	the	order	of	10−30	C-m.	Materials	that,	in	the	absence	of	an	applied	electric	field	Ea	,	possess	nonzero	net	dipole	moment	and	electric	polarization	vector	P	are	referred	to	as	electrets	.	There	is	also	a	class	of	dielectric	materials	that	are
usually	referred	to	as	ferroelectrics	[3].	They	exhibit	a	hysteresis	loop	of	polarization	(P	)	versus	electric	field	(E	)	that	is	similar	to	the	hysteresis	loop	of	B	versus	H	for	ferromagnetic	material,	and	it	possesses	a	remnant	polarization	Pr	and	coercive	electric	field	Ec	.	At	some	critical	temperature,	referred	to	as	ferroelectric	Curie	temperature,	the
spontaneous	polarization	in	ferroelectrics	disappears.	Above	the	Curie	temper-	ature	the	relative	permittivity	varies	according	to	the	Curie–Weiss	law;	below	it	the	electric	flux	density	D	and	the	polarization	P	are	not	linear	functions	of	the	electric	field	E	[3].	Barium	titanate	(BaTiO3)	is	one	such	material.	When	an	electric	field	is	applied	to	a	nonpolar
or	polar	dielectric	material,	as	shown	in	Figures	2-5a	and	2-5b,	the	charges	in	each	medium	are	aligned	in	such	a	way	that	individual	dipoles	with	nonzero	dipole	moments	are	formed	within	the	material.	However,	when	we	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	44	44	ELECTRICAL	PROPERTIES	OF	MATTER	dpi	=	0	dpi	≠	0,	P	=	0	P	≠	0	P	=
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−	−	Figure	2-5	Macroscopic	scale	models	of	materials.	(a)	Nonpolar.	(b)	Polar.	examine	the	material	on	a	microscopic	scale,	the	following	items	become	evident	from	Figures	2-5a	and	2-5b:	1.	On	the	lower	surface	there	exists	a	net	positive	surface	charge	density	q+s	(representing	bound	charges).	2.	On	the	upper	surface	there	exists	a	net	negative
surface	charge	density	q−s	(representing	bound	charges).	3.	The	volume	charge	density	qv	inside	the	material	is	zero	because	the	positive	and	negative	charges	of	adjacent	dipoles	cancel	each	other.	The	preceding	items	can	also	be	illustrated	by	macroscopically	examining	Figure	2-6a	where	a	d.c.	voltage	source	is	connected	and	remains	across	two
parallel	plates	separated	by	distance	s	.	Half	of	the	space	between	the	two	plates	is	occupied	by	a	dielectric	material,	whereas	the	other	half	is	free	space.	For	a	better	illustration	of	this	point,	let	us	assume	that	there	are	five	free	charges	on	each	part	of	the	plates	separated	by	free	space.	The	same	number	appears	on	the	part	of	the	plates	separated
by	the	dielectric	material.	Because	of	the	realignment	of	the	bound	charges	in	the	dielectric	material	and	the	formation	of	the	electric	dipoles	and	cancellation	of	adjacent	opposite	charges	shown	circled	in	Figure	2-6b,	a	polarization	electric	vector	P	is	formed	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	45	DIELECTRICS,	POLARIZATION,	AND
PERMITTIVITY	45	−	+	+	−	−	+	+	+	++++++	−	++	−	−	−	−	−−−−	−	−	−	−	+	+	−	+	EaEaEa	V	q	sp	(ne	t)	+	q	sp	(ne	t)	Ea	Ea	s	P	P	P	(a)	(b)	−	−	+	+	−	+	−	−	−	−	−	−	−	−	−	−	−	−	−	−	+	+	−	+	Figure	2-6	Dielectric	slab	subjected	to	an	applied	electric	field	Ea	.	(a)	Total	charge.	(b)	Net	charge.	within	the	dielectric	material.	Thus	the	polarization
vector	P	is	a	result	of	the	bound	surface	charge	density	−qsp	found	on	the	upper	and	+qsp	found	on	the	lower	surface	of	the	dielectric	slab.	Let	us	assume	that	there	are	two	pairs	of	bound	charges	that	form	the	bound	surface	charge	density	qsp	on	the	surface	of	the	dielectric	slab	of	Figure	2-6a	(negative	on	top	and	positive	on	the	bottom).	Because
the	surfaces	of	the	slab	are	assumed	to	be	in	contact	with	the	plates	of	the	capacitor,	the	two	negative	bound	charges	on	the	top	surface	will	tend	to	cancel	two	of	the	positive	free	charges	on	the	upper	capacitor	plate;	a	similar	phenomenon	occurs	at	the	bottom.	If	this	were	to	happen,	the	net	number	of	charges	on	the	top	and	bottom	plates	of	the
capacitor	would	diminish	to	three	and	the	electric	field	intensity	in	the	dielectric	material	between	the	plates	would	be	reduced.	Since	the	d.c.	voltage	supply	is	maintained	across	the	plates,	the	net	charge	on	the	upper	and	lower	parts	of	the	capacitor	and	the	electric	field	intensity	in	the	dielectric	material	between	the	plates	are	also	maintained	by
the	introduction	of	two	additional	free	charges	on	each	of	the	capacitor	plates	(positive	on	top	and	negative	on	bottom).	For	identification	purposes,	these	two	induced	free	charges	have	been	circled	in	each	of	the	two	plates	in	Figure	2-6.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	48	48	ELECTRICAL	PROPERTIES	OF	MATTER	Solution:	Using	(2-
9),	we	have	D	=	εs	Ea	=	81(8.854	×	10−12)(1)	=	7.17	×	10−10	C/m2	Using	(2-12),	we	have	χe	=	εsr	−	1	=	81	−	1	=	80	Thus	the	magnitude	of	the	electric	polarization	vector	is	given,	using	(2-10),	by	P	=	ε0χeEa	=	8.854	×	10−12(80)(1)	=	7.08	×	10−10	C/m2	The	permittivity	of	(2-11a),	or	its	relative	form	of	(2-12),	represents	values	at	static	or	qua-
sistatic	frequencies.	These	values	vary	as	a	function	of	the	alternating	field	frequency.	The	variations	of	the	permittivity	as	a	function	of	the	frequency	of	the	applied	fields	are	examined	in	Section	2.9.1.	2.3	MAGNETICS,	MAGNETIZATION,	AND	PERMEABILITY	Magnetic	materials	are	those	that	exhibit	magnetic	polarization	when	they	are	subjected
to	an	applied	magnetic	field.	The	magnetization	phenomenon	is	represented	by	the	alignment	of	the	magnetic	dipoles	of	the	material	with	the	applied	magnetic	field,	similar	to	the	alignment	of	the	electric	dipoles	of	the	dielectric	material	with	the	applied	electric	field.	Accurate	results	concerning	the	behavior	of	magnetic	material	when	they	are
subjected	to	applied	magnetic	fields	can	only	be	predicted	by	the	use	of	quantum	theory.	This	is	usually	quite	complex	and	unnecessary	for	most	engineering	applications.	Quite	satisfactory	quantitative	results	can	be	obtained,	however,	by	using	simple	atomic	models	to	represent	the	atomic	lattice	structure	of	the	material.	The	atomic	models	used
here	represent	the	electrons	as	negative	charges	orbiting	around	the	positively-charged	nucleus,	as	shown	in	Figure	2-7a	.	Each	orbiting	electron	can	be	modeled	by	an	equivalent	small	electric	current	loop	of	area	ds	whose	current	flows	in	the	direction	opposite	to	the	electron	orbit,	as	shown	in	Figure	2-7b.	As	long	as	the	loop	is	small,	its	shape	can
be	circular,	square,	or	any	other	configuration,	as	shown	in	Figures	2-7b	and	2-7c.	The	fields	produced	by	a	small	loop	of	electric	current	at	large	distances	are	the	same	as	those	produced	by	a	linear	bar	magnet	(magnetic	dipole)	of	length	d	.	Ii	Ii	dmi	=	niIi	dsi	dsi	(a)	m	m	m	m	m	m	m	x	z	y	m	(b)	(c)	dsi	−	−	+−	−	−	−	−	−	ni	dmi	=	niIi	dsi	ni	Figure	2-7
Atomic	models	and	their	equivalents,	representing	the	atomic	lattice	structure	of	magnetic	material.	(a)	Orbiting	electrons.	(b)	Equivalent	circular	electric	loop.	(c)	Equivalent	square	electric	loop.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	49	MAGNETICS,	MAGNETIZATION,	AND	PERMEABILITY	49	By	referring	to	the	equivalent	loop	models	of
Figure	2-7,	the	angular	momentum	associated	with	an	orbiting	electron	can	be	represented	by	a	magnetic	dipole	moment	dmi	of	dmi	=	Ii	dsi	=	Ii	n̂i	dsi	=	n̂i	Ii	dsi	(A-m2)	(2-13)	For	atoms	that	possess	many	orbiting	electrons,	the	total	magnetic	dipole	moment	mt	is	equal	to	the	vector	sum	of	all	the	individual	magnetic	dipole	moments,	each
represented	by	(2-13).	Thus	we	can	write	that	mt	=	Nm	v∑	i=1	dmi	=	Nm	v∑	i=1	n̂i	Ii	dsi	(2-14)	where	Nm	is	equal	to	the	number	of	orbiting	electrons	(equivalent	loops)	per	unit	volume.	A	magnetic	polarization	(magnetization)	vector	M	is	then	defined	as	M	=	lim	v→0	[	1	v	mt	]	=	lim	v→0	[	1	v	Nm	v∑	i=1	dmi	]	=	lim	v→0	[	1	v	Nm	v∑	i=1	n̂i	Ii	dsi	]
(A/m)	(2-15)	Assuming	for	each	of	the	loops	an	average	magnetic	moment	of	dmi	=	dmav	=	n̂	(I	ds)av	(2-16)	the	magnetic	polarization	vector	M	of	(2-15)	can	be	written	(assuming	all	the	loops	are	aligned	in	the	parallel	planes)	as	M	=	lim	v→0	[	1	v	Nm	v∑	i=1	dmi	]	=	Nmdmav	=	n̂Nm	(Ids)av	(2-17)	A	magnetic	material	is	represented	by	a	number	of
magnetic	dipoles	and	thus	by	many	magnetic	moments.	In	the	absence	of	an	applied	magnetic	field	the	magnetic	dipoles	and	their	corresponding	electric	loops	are	oriented	in	a	random	fashion	so	that	on	a	macroscopic	scale	the	vector	sum	of	the	magnetic	moments	of	(2-14)	and	the	magnetic	polarization	of	(2-15)	are	equal	to	zero.	The	random
orientation	of	the	magnetic	dipoles	and	loops	is	illustrated	in	Figure	2-8a	.	When	the	magnetic	material	is	subjected	to	an	applied	magnetic	field,	represented	by	the	magnetic	flux	ψi	Ba	Ba	=	0	Ba	≠	0	Ba	≠	0Ba	=	0	dsi	Ii	(a)	(b)	dmi	≠	0,	M	=	0	M	≠	0	M	dmi	≠	0	M	=	N	m	(I	ds	)	av	ni	Figure	2-8	Orientation	and	alignment	of	magnetic	dipoles.	(a)	Random
in	absence	of	an	applied	field.	(b)	Aligned	under	an	applied	field.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	50	50	ELECTRICAL	PROPERTIES	OF	MATTER	density	Ba	in	Figure	2-8b,	the	magnetic	dipoles	of	most	material	will	tend	to	align	in	the	direction	of	the	Ba	since	a	torque	given	by	|	T|	=	|dmi	×	Ba	|	=	|dmi	||Ba	|	sin(ψi	)	=	|(n̂i	Ii	dsi	)	×	Ba	|
=	|Ii	dsi	Ba	sin(ψi	)|	(2-18)	will	be	exerted	in	each	of	the	magnetic	dipole	moments.	This	is	shown	in	the	inset	to	Figure	2-8b.	Ideally,	if	there	were	no	other	magnetic	moments	to	consider,	torque	would	be	exerted.	The	torque	would	exist	until	each	of	the	orbiting	electrons	shifted	in	such	a	way	that	the	magnetic	field	produced	by	each	of	its	equivalent
electric	loops	(or	magnetic	moments)	was	aligned	with	the	applied	field,	and	its	value,	represented	by	(2-18),	vanished.	Thus	the	resultant	magnetic	field	at	every	point	in	the	material	would	be	greater	than	its	corresponding	value	at	the	same	point	when	the	material	is	absent.	The	magnetization	vector	M	resulting	from	the	realignment	of	the
magnetic	dipoles	is	better	illustrated	by	considering	a	slab	of	magnetic	material	across	which	a	magnetic	field	Ba	is	applied,	as	shown	in	Figure	2-9.	Ideally,	on	a	microscopic	scale,	for	most	magnetic	material	all	the	magnetic	dipoles	will	align	themselves	so	that	their	individual	magnetic	moments	are	pointed	in	the	direction	of	the	applied	field,	as
shown	in	Figure	2-9.	In	the	limit,	as	the	number	of	magnetic	dipoles	and	their	corresponding	equivalent	electric	loops	become	very	large,	the	currents	of	the	loops	found	in	the	interior	parts	of	the	slab	are	canceled	by	those	of	the	neighboring	loops.	On	a	macroscopic	scale	a	net	nonzero	equivalent	magnetic	current,	resulting	in	an	equivalent	magnetic
current	surface	density	(A/m),	is	found	on	the	exterior	surface	of	the	slab.	This	equivalent	magnetic	current	density	Jms	is	responsible	for	the	introduction	of	the	magnetization	vector	M	in	the	direction	of	Ba	.	The	magnetic	flux	density	across	the	slab	is	increased	by	the	presence	of	M	so	that	the	net	magnetic	flux	density	at	any	interior	point	of	the
slab	is	given	by	B	=	μ0(Ha	+	M)	(2-19)	Jms	M	Ba	Figure	2-9	Magnetic	slab	subjected	to	an	applied	magnetic	field	and	the	formation	of	the	magnetization	current	density	Jms	.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	53	MAGNETICS,	MAGNETIZATION,	AND	PERMEABILITY	53	Determine	the	volumetric	current	density	Jm	at	any	point	inside
the	bar,	the	surface	current	density	Jms	on	the	surface	of	each	of	the	four	faces,	and	the	total	current	Im	per	unit	length	flowing	through	the	bar	face	that	is	parallel	to	the	y	axis	at	x	=	0.3	m.	Solution:	Using	(2-24),	we	have	Jm	=	∇	×	M	=	âx	∂Mz	∂y	=	âx	4	Using	(2-25),	we	have	Jms	=	M	×	n̂|surface	Therefore	at	x	=	0	:	Jms	=	(âz	4y)	×	(−âx	)|x=0	=
−ây	(4y)	for	0	≤	y	≤	0.2	y	=	0	:	Jms	=	(âz	4y)	×	(−ây	)|y=0	=	âx	(4y)	=	0	for	0	≤	x	≤	0.3	x	=	0.3	:	Jms	=	(âz	4y)	×	(âx	)|x=0.3	=	ây	(4y)	for	0	≤	y	≤	0.2	y	=	0.2	Jms	=	(âz	4y)	×	(ây	)|y=0.2	=	−âx	(4y)	=	−âx	0.8	for	0	≤	x	≤	0.3	According	to	(2-26),	the	current	(per	unit	length)	flowing	through	the	bar	face	at	x	=	0.3	is	given	by	x	=	0.3	:	Im	=	∫∫	S	Jm	•	ds	=
∫	1	0	∫	0.2	0	(âx	4)	•	(âx	dy	dz	)	=	4(1)(0.2)	=	0.8	Consistent	with	the	relative	permittivity	(dielectric	constant),	the	values	of	μ,	and	thus	μr	,	vary	as	a	function	of	frequency.	These	variations	will	be	discussed	in	Section	2.9.2.	The	values	of	μr	listed	in	Table	2-2	are	representative	of	frequencies	related	to	static	or	quasistatic	fields.	Excluding
ferromagnetic	material,	it	is	apparent	that	most	relative	permeabilities	are	very	near	unity,	so	that	for	engineering	problems	a	value	of	unity	is	almost	always	used.	According	to	the	direction	in	which	the	net	magnetization	vector	M	is	pointing	(either	aiding	or	opposing	the	applied	magnetic	field),	material	are	classified	into	two	groups,	Group	A	and
Group	B	as	shown:	Group	A	Group	B	Diamagnetic	Paramagnetic	Ferromagnetic	Antiferromagnetic	Ferrimagnetic	In	general,	for	material	in	Group	A	the	net	magnetization	vector	(although	small	in	magnitude)	opposes	the	applied	magnetic	field,	resulting	in	a	relative	permeability	slightly	smaller	than	unity.	Diamagnetic	materials	fall	into	that	group.
For	material	in	Group	B	the	net	magnetization	vector	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	54	54	ELECTRICAL	PROPERTIES	OF	MATTER	is	aiding	the	applied	magnetic	field,	resulting	in	relative	permeabilities	greater	than	unity.	Some	of	them	(paramagnetic	and	antiferromagnetic)	have	only	slightly	greater	than	unity	relative	per-
meabilities	whereas	others	(ferromagnetic	and	ferrimagnetic)	have	relative	permeabilities	much	greater	than	unity.	In	the	absence	of	an	applied	magnetic	field,	the	moments	of	the	electron	spins	of	diamagnetic	material	are	opposite	to	each	other	as	well	as	to	the	moments	associated	with	the	orbiting	elec-	trons	so	that	a	zero	net	magnetic	moment	mt
is	produced	on	a	macroscopic	scale.	In	the	presence	of	an	external	applied	magnetic	field,	each	atom	has	a	net	nonzero	magnetic	moment,	and	on	a	macroscopic	scale	there	is	a	net	total	magnetic	moment	for	all	the	atoms	that	results	in	a	mag-	netization	vector	M.	For	diamagnetic	material,	this	vector	M	is	very	small,	opposes	the	applied	magnetic
field,	leads	to	a	negative	magnetic	susceptibility	χm	,	and	results	in	values	of	relative	permeability	that	are	slightly	less	than	unity.	For	example,	copper	is	a	diamagnetic	material	with	a	magnetic	susceptibility	χm	=	−9	×	10−6	and	a	relative	permeability	μr	=	0.999991.	In	paramagnetic	material,	the	magnetic	moments	associated	with	the	orbiting	and
spinning	electrons	of	an	atom	do	not	quite	cancel	each	other	in	the	absence	of	an	applied	magnetic	field.	Therefore	each	atom	possesses	a	small	magnetic	moment.	However,	because	the	orientation	of	the	magnetic	moment	of	each	atom	is	random,	the	net	magnetic	moment	of	a	large	sample	(macroscopic	scale)	of	dipoles,	and	the	magnetization
vector	M,	are	zero	when	there	is	no	applied	field.	When	the	paramagnetic	material	is	subjected	to	an	applied	magnetic	field,	the	magnetic	dipoles	align	slightly	with	the	applied	field	to	produce	a	small	nonzero	M	in	its	direction	and	a	small	increase	in	the	magnetic	flux	density	within	the	material.	Thus	the	magnetic	susceptibilities	have	small	positive
values	and	the	relative	permeabilities	are	slightly	greater	than	unity.	For	example,	aluminum	possesses	a	susceptibility	of	χm	=	2	×	10−5	and	a	relative	permeability	of	μr	=	1.00002.	The	individual	atoms	of	ferromagnetic	material	possess,	in	the	absence	of	an	applied	magnetic	field,	very	strong	magnetic	moments	caused	primarily	by	uncompensated
electron	spin	moments.	The	magnetic	moments	of	many	atoms	(usually	as	many	as	five	to	six)	reinforce	one	another	and	form	regions	called	domains	,	which	have	various	sizes	and	shapes.	The	dimensions	of	the	domains	depend	on	the	material’s	past	magnetic	state	and	history,	and	range	from	1	μm	to	a	few	millimeters.	On	a	macroscopic	scale,
however,	the	net	magnetization	vector	M	in	the	absence	of	an	applied	field	is	zero	because	the	domains	are	randomly	oriented	and	the	magnetic	moments	of	the	various	atoms	cancel	one	another.	When	a	ferromagnetic	material	is	subjected	to	an	applied	field,	there	are	not	only	large	magnetic	moments	associated	with	the	individual	atoms,	but	the
vector	sum	of	all	the	magnetic	moments	and	the	associated	vector	magnetization	M	are	very	large,	leading	to	extreme	values	of	magnetic	susceptibility	χm	and	relative	permeability.	Typical	values	of	μr	for	some	representative	ferromagnetic	materials	are	found	in	Table	2-2.	When	the	applied	field	is	removed,	the	magnetic	moments	of	the	various
atoms	do	not	attain	a	random	orientation	and	a	net	nonzero	residual	magnetic	moment	remains.	Since	the	magnetic	moment	of	a	ferromagnetic	material	on	a	macroscopic	scale	is	different	after	the	applied	field	is	removed,	its	magnetic	state	depends	on	the	material’s	past	history.	Therefore	a	plot	of	the	magnetic	flux	density		versus		leads	to	a	double-
valued	curve	known	as	the	hysteresis	loop.	Material	with	such	properties	are	very	desirable	in	the	design	of	transformers,	induction	cores,	and	coatings	for	magnetic	recording	tapes.	Materials	that	possess	strong	magnetic	moments,	but	whose	adjacent	atoms	are	about	equal	in	magnitude	and	opposite	in	direction,	with	zero	net	total	magnetic
moment	in	the	absence	of	an	applied	magnetic	field,	are	called	antiferromagnetic.	The	presence	of	an	applied	magnetic	field	has	a	minor	effect	on	the	material	and	leads	to	relative	permeabilities	slightly	greater	than	unity.	If	the	adjacent	opposing	magnetic	moments	of	a	material	are	very	large	in	magnitude	but	greatly	unequal	in	the	absence	of	an
applied	magnetic	field,	the	material	is	known	as	ferrimagnetic.	The	presence	of	an	applied	magnetic	field	has	a	large	effect	on	the	material	and	leads	to	large	permeabilities	(but	not	as	large	as	those	of	ferromagnetic	material).	Ferrites	make	up	a	group	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	55	CURRENT,	CONDUCTORS,	AND
CONDUCTIVITY	55	of	ferrimagnetic	materials	that	have	low	conductivities	(several	orders	smaller	than	those	of	semiconductors).	Because	of	their	large	resistances,	smaller	currents	are	induced	in	them	that	result	in	lower	ohmic	losses	when	they	are	subjected	to	alternating	fields.	They	find	wide	applications	in	the	design	of	nonreciprocal	microwave
components	(isolators,	hybrids,	gyrators,	phase	shifters,	etc.)	and	they	will	be	discussed	briefly	in	Section	2.9.3.	2.4	CURRENT,	CONDUCTORS,	AND	CONDUCTIVITY	The	prominent	characteristic	of	dielectric	materials	is	the	electric	polarization	introduced	through	the	formation	of	electric	dipoles	between	opposite	charges	of	atoms.	Magnetic
dipoles,	modeled	by	equivalent	small	electric	loops,	were	introduced	to	account	for	the	orbiting	of	electrons	in	atoms	of	magnetic	material.	This	phenomenon	was	designated	as	magnetic	polarization.	Conductors	are	materials	whose	prominent	characteristic	is	the	motion	of	electric	charges	and	the	creation	of	a	current	flow.	2.4.1	Current	Let	us
assume	that	an	electric	volume	charge	density,	represented	here	by	qv	,	is	distributed	uniformly	in	an	infinitesimal	circular	cylinder	of	cross-sectional	area	s	and	volume	V	,	as	shown	in	Figure	2-11.	The	total	electric	charge	Qe	within	the	volume	V	is	moving	in	the	z	direction	with	a	uniform	velocity	vz	.	Thus	we	can	write	that	Qe	t	=	qv	V	t	=	qv	s	z	t	=
qv	s	z	t	(2-27)	In	the	limit	as	t	→	0,	(2-27)	is	used	to	define	the	current	I	(with	units	of	amperes)	that	flows	through	s	.	Thus	I	=	lim	t→0	[	Qe	t	]	=	lim	t→0	[	qv	s	z	t	]	=	qvvz	s	(2-28)	y	Δz	+vz	Δs	x	ΔV	z	E	E	Jc	Figure	2-11	Charge	uniformly	distributed	in	an	infinitesimal	circular	cylinder.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	58	58	ELECTRICAL
PROPERTIES	OF	MATTER	TABLE	2-3	Typical	conductivities	of	insulators,	semiconductors,	and	conductors	Material	Class	Conductivity	σ	(S/m)	Fused	quartz	Insulator	∼	10−17	Ceresin	wax	Insulator	∼	10−17	Sulfur	Insulator	∼	10−15	Mica	Insulator	∼	10−15	Paraffin	Insulator	∼	10−15	Hard	rubber	Insulator	∼	10−15	Porcelain	Insulator	∼	10−14
Glass	Insulator	∼	10−12	Bakelite	Insulator	∼	10−9	Distilled	water	Insulator	∼	10−4	Gallium	arsenide	(GaAs)∗	Semiconductor	∼	2.38	×	10−7	Fused	silica∗	Semiconductor	∼	2.1	×	10−4	Cross-linked	polystyrene	(unreinforced)∗	Semiconductor	∼	3.7	×	10−4	Beryllium	Oxide	(BeO)∗	Semiconductor	∼	3.9	×	10−4	Intrinsic	silicon	Semiconductor	∼	4.39
×	10−4	Sapphire∗	Semiconductor	∼	5.5	×	10−4	Glass-reinforced	Teflon	(microfiber)∗	Semiconductor	∼	7.8	×	10−4	Teflon	quartz	(woven)∗	Semiconductor	∼	8.2	×	10−4	Dry	soil	Semiconductor	∼	10−4	−	10−3	Ferrite(Fe2O3)∗	Semiconductor	∼	1.3	×	10−3	Glass-reinforced	Polystyrene∗	Semiconductor	∼	1.45	×	10−3	Polyphenelene	oxide	(PPO)∗
Semiconductor	∼	2.27	×	10−3	Glass-reinforced	Teflon	(woven)∗	Semiconductor	∼	2.43	×	10−3	Plexiglas∗	Semiconductor	∼	5.1	×	10−3	Wet	soil	Semiconductor	∼	10−3	−	10−2	Fresh	water	Semiconductor	∼	10−2	Human	and	animal	tissue	Semiconductor	∼	0.2	−	0.7	Intrinsic	germanium	Semiconductor	∼	2.227	Seawater	Semiconductor	∼	4
Tellurium	Conductor	∼	5	×	10−2	Carbon	Conductor	∼	3	×	10−4	Graphite	Conductor	∼	3	×	104	Cast	iron	Conductor	∼	106	Mercury	Conductor	106	Nichrome	Conductor	106	Silicon	steel	Conductor	2	×	106	German	silver	Conductor	2	×	106	Lead	Conductor	5	×	106	Tin	Conductor	9	×	106	Iron	Conductor	1.03	×	107	Nickel	Conductor	1.45	×	107	Zinc
Conductor	1.7	×	107	Tungsten	Conductor	1.83	×	107	Brass	Conductor	2.56	×	107	Aluminum	Conductor	3.96	×	107	Gold	Conductor	4.1	×	107	Copper	Conductor	5.76	×	107	Silver	Conductor	6.1	×	107	∗For	most	semiconductors	the	conductivities	are	representative	for	a	frequency	of	about	10	GHz.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	59
SEMICONDUCTORS	59	field,	thus	creating	a	conduction	current	in	the	conductor.	The	applied	electric	field	E	and	drift	velocity	ve	of	the	electrons	are	related	by	ve	=	−μeE	(2-36)	where	μe	is	defined	to	be	the	electron	mobility	[positive	quantity	with	units	of	m2/(V-s)].	Sub-	stituting	(2-36)	into	(2-30),	we	can	write	that	J	=	qveve	=	qve(−μeE)	=
−qveμeE	(2-37)	where	qve	is	the	electron	charge	density.	Comparing	(2-37)	with	(1-16),	or	J	=	σs	E	(2-38)	we	define	the	static	conductivity	of	a	conductor	as	σs	=	−qveμe	(S/m)	(2-39)	Its	reciprocal	value	is	called	the	resistivity	(ohm-meters).	The	conductivity	σs	of	a	conductor	is	a	parameter	that	characterizes	the	free-electron	conductive	properties	of
a	conductor.	As	temperature	increases,	the	increased	thermal	energy	of	the	conductor	lattice	structure	increases	the	lattice	vibration.	Thus	the	possibility	of	the	moving	free	electrons	colliding	increases,	which	results	in	a	decrease	in	the	conductivity	of	the	conductor.	Materials	with	a	very	low	value	of	conductivity	are	classified	as	dielectrics
(insulators).	The	conductivity	of	ideal	dielectrics	is	zero.	The	conductivity	of	(2-39)	is	referred	to	as	the	static	or	d.c.	conductivity;	typical	values	of	several	materials	are	listed	in	Table	2-3.	The	conductivity	varies	as	a	function	of	frequency.	These	variations,	along	with	the	mechanisms	that	result	in	them,	will	be	discussed	in	Section	2.8.1.	2.5
SEMICONDUCTORS	Materials	whose	conductivities	bridge	the	gap	between	dielectrics	(insulators)	and	conductors	(typically	the	conductivity	being	10−3	to	unity)	are	referred	to	as	intrinsic	(pure)	semiconductors.	A	graph	illustrating	the	range	of	conductivities,	from	insulators	to	conductors,	is	displayed	in	Figure	2-13.	Two	such	materials	of
significant	importance	to	electrical	engineering	are	intrinsic	germanium	and	intrinsic	silicon	.	In	intrinsic	(pure)	semiconductors	there	are	two	common	carriers:	the	free	electrons	and	the	bound	electrons	(referred	to	as	positive	holes)	[4].	As	the	temperature	rises,	the	mobilities	of	semiconducting	material	decrease	but	their	charge	densities	increase
more	rapidly.	The	increases	in	the	charge	density	more	than	offset	the	decreases	in	mobilities,	resulting	in	a	general	increase	in	the	conductivity	of	semiconducting	material	with	rises	in	temperature.	This	is	one	of	the	characteristic	differences	between	intrinsic	semi-	conductors	and	metallic	conductors:	for	semiconductors	the	conductivity	increases
with	rising	temperature	whereas	for	metallic	conductors	it	decreases.	Typically	the	conductivity	of	germa-	nium	will	increase	by	a	factor	of	10	as	the	temperature	increases	from	300	to	about	360	K,	and	it	will	decrease	by	the	same	factor	of	10	as	the	temperature	decreases	from	300	to	255	K.	The	conductivity	of	semiconductors	can	also	be	increased
by	adding	impurities	to	the	intrinsic	(pure)	materials.	This	process	is	known	as	doping	.	Some	impurities	(such	as	phosphorus)	are	called	donors	because	they	add	more	electrons	and	form	n-type	semiconductors,	with	the	electrons	being	the	major	carriers.	Impurities	(such	as	boron)	are	called	acceptors	because	they	add	more	holes	to	form	p-type
semiconductors,	with	the	holes	being	the	predominant	carriers.	When	both	n-	and	p-type	regions	exist	on	a	single	semiconductor,	the	junction	formed	between	the	two	regions	is	used	to	build	diodes	and	transistors.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	60	60	ELECTRICAL	PROPERTIES	OF	MATTER	Copper	106	104	102	10−2	10−4	10−6
10−8	10−10	10−12	10−14	10−16	10−18	1	Carbon	Conductors	Intrinsic	semiconductors	Insulators	C	on	du	ct	iv	it	y	(S	ie	m	en	s/	m	et	er	)	Intrinsic	germanium	Intrinsic	silicon	Bakelite	Glass	Mica	Quartz	Figure	2-13	Range	of	conductivities	of	insulators,	intrinsic	semiconductors,	and	conductors.	At	temperatures	near	absolute	zero	(0	K		−273◦C),	the
valence	electrons	of	the	outer	shell	of	a	semiconducting	material	are	held	very	tightly	and	they	are	not	free	to	travel.	Thus	the	material	behaves	as	an	insulator	under	those	conditions.	As	the	temperature	rises,	thermal	vibration	of	the	lattice	structure	in	a	semiconductor	material	increases,	and	some	of	the	electrons	gain	sufficient	thermal	energy	to
break	away	from	the	tight	grip	of	their	atom	and	become	free	electrons	similar	to	those	in	a	metallic	conductor.	As	was	shown	in	Figure	2-1,	the	atoms	of	silicon	and	germanium	have	four	valence	electrons	in	their	outer	shell	which	are	held	very	tightly	at	temperatures	near	absolute	zero,	but	some	of	them	may	break	away	as	the	temperature	rises.
The	valence	electrons	of	any	semiconductor	must	gain	sufficient	energy	to	allow	them	to	go	from	the	valence	band	to	the	conduction	band	by	jumping	over	the	forbidden	band,	as	shown	in	Figure	2-14.	For	all	semiconductors,	the	energy	gap	of	the	forbidden	band	is	about	Eg	=	1.43	eV	=	2.29	×	1019	J.	The	bound	electrons	must	gain	at	least	that	much
energy,	although	they	sometimes	gain	more,	through	increased	thermal	activity	to	make	the	jump.	The	electrons	that	gain	sufficient	energy	to	break	away	from	their	atoms	create	vacancies	in	the	shells	that	they	vacate,	designated	as	holes	,	which	also	move	in	a	random	fashion.	When	the	semiconducting	material	is	not	subjected	to	an	applied	electric
field,	the	net	current	from	the	bound	electrons	(which	became	free	electrons)	and	the	bound	holes	is	zero	because	the	net	drift	velocity	of	each	type	of	carrier	(electrons	and	holes)	is	zero,	since	they	move	in	a	random	fashion.	When	an	electric	field	is	applied,	the	electrons	move	with	a	nonzero	net	drift	velocity	of	ved	(in	the	direction	opposite	to	the
applied	field)	while	the	holes	move	with	a	nonzero	net	drift	velocity	of	vhd	(in	the	same	direction	as	the	applied	field),	thus	creating	a	nonzero	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	63	SEMICONDUCTORS	63	The	temperature	variations	of	the	mobilities	of	germanium,	silicon,	and	gallium	arsenide	are	given	approximately	by	Silicon	[5]:	μe	
(2.1	±	0.2)	×	105T	−2.5±0.1	160	≤	T	≤	400	K	(2-42a)	μh		(2.3	±	0.1)	×	105T	−2.7±0.1	150	≤	T	≤	400	K	(2-42b)	Germanium	[5]:	μe		4.9	×	103T	−1.66	100	≤	T	≤	300	K	(2-43a)	μh		1.05	×	105T	−2.33	125	≤	T	≤	300	K	(2-43b)	Gallium	arsenide:	μe		0.8	(	300	T	)2.3	(2-44a)	μh		0.032	(	300	T	)2.3	(2-44b)	Example	2-4	For	the	semiconducting	materials
silicon	and	germanium,	determine	conductivities	at	a	temperature	of	10◦F.	The	electron	and	hole	densities	for	silicon	and	germanium	are,	respectively,	equal	to	about	3.03	×	1016	and	1.47	×	1019	electrons	or	holes	per	cubic	meter.	Solution:	At	T	=	10◦F,	the	respective	temperatures	on	the	Celsius	(◦C)	and	Kelvin	(K)	scales	are	◦C	=	59	(◦F	−	32)	=
59	(10	−	32)	=	−12.2	K	=	◦C	+	273.2	=	−12.2	+	273.2	=	261	The	mobilities	of	silicon	and	germanium	at	10◦F	(261	K)	are	approximately	equal	to	Silicon:	μe		2.1	×	105T	−2.5	=	2.1	×	105(261−2.5)	=	0.1908	μh		2.3	×	105T	−2.7	=	2.3	×	105(261−2.7)	=	0.0687	Germanium:	μe		4.9	×	103T	−1.66	=	4.9	×	103(261−1.66)	=	0.4771	μh		1.05	×	105T
−2.33	=	1.05	×	105(261−2.33)	=	0.2457	In	turn	the	conductivities	are	equal	to	Silicon:	σe		ne	|qe	|μe	=	3.03	×	1016(1.6	×	10−19)(0.1908)	=	0.925	×	10−3	S/m	σh		nh	|qh	|μh	=	3.03	×	1016(1.6	×	10−19)(0.0687)	=	0.333	×	10−3	S/m	σ	=	σe	+	σh		1.258	×	10−3	S/m	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	64	64	ELECTRICAL	PROPERTIES
OF	MATTER	Germanium:	σe		ne	|qe	|μe	=	1.47	×	1019(1.6	×	10−19)(0.4771)	=	1.122	S/m	σh		nh	|qh	|μh	=	1.47	×	1019(1.6	×	10−19)(0.2457)	=	0.578	S/m	σ	=	σe	+	σh		1.7	S/m	2.6	SUPERCONDUCTORS	Ideal	conductors	(σ	=	∞)	are	usually	understood	to	be	materials	within	which	an	electric	field	E	cannot	exist	at	any	frequency.	Through	Maxwell’s
time-varying	equations,	this	absence	of	an	electric	field	also	assures	that	there	is	no	time-varying	magnetic	field.	For	static	fields,	however,	the	magnetic	field	should	not	be	affected	by	the	conductivity	(including	infinity)	of	the	mate-	rial.	Therefore	for	static	fields	(f	=	0)	a	perfect	conductor	is	defined	as	one	that	possesses	an	equipotential	on	its
surface.	In	practice	no	ideal	conductors	exist.	Metallic	conductors	(such	as	aluminum,	copper,	silver,	gold,	etc.)	have	very	large	conductivities	(typically	107	−	108	S/m),	and	the	rf	fields	in	them	decrease	very	rapidly	with	depth	measured	from	the	surface	(being	essentially	zero	at	a	few	skin	depths).	However,	the	d.c.	resistivity	of	certain	metals
essentially	vanishes	(conductivity	becomes	extremely	large,	almost	infinity)	at	temperatures	near	absolute	zero	(T	=	0	K	or	−273◦C).	Such	materials	are	usually	called	superconductors	,	and	the	temperature	at	which	this	is	achieved	is	referred	to	as	the	critical	temperature	(Tc).	Superconductivity	was	discovered	in	1911	by	Dutch	physicist	H.
Kamerlingh	Onnes,	who	received	the	Nobel	Prize	in	1913.	For	example,	aluminum	becomes	superconducting	at	a	critical	temperature	of	1.2	K,	niobium	(also	called	columbium)	at	9.2	K,	and	the	intermetallic	compound	niobium-germanium	(Nb3Ge)	at	23	K.	For	temperatures	down	to	0.05	K,	copper	and	gold	do	not	superconduct.	Even	for	low
frequencies,	superconductors	above	0	K	do	exhibit	a	very	small	level	of	loss	as	a	result	of	the	presence	of	two	types	of	carriers,	lossless	Cooper	pairs	and	normal	electrons.	The	ability	of	superconductors	to	expel	magnetic	fields,	now	referred	to	as	the	Meissner	effect	,	was	first	observed	experimentally	in	1933	by	Meissner	and	Ochsenfeld	[7,	8].	In
1957,	Bardeen,	Cooper,	and	Schrieffer	developed	a	theory	that	was	able	to	accurately	simulate	the	properties	of	superconductors	using	only	first	principles	[9].	The	electrodynamic	response	of	a	superconductor	at	microwave	frequencies	above	0	K	has	a	small,	but	measurable,	loss	as	a	result	of	the	presence	of	a	resistive	branch	from	the	dissipative
normal	electrons	(R)	and	an	inductive	branch	because	of	the	lossless	Cooper	pairs.	Although	Cooper	pairs	do	not	experience	dissipation,	they	exhibit	an	inductive	component	from	their	finite	inertia	from	their	momentum	(i.e.,	Lk	,	a	kinetic	inductance).	Because	the	superconductor	inductive	Cooper	pairs	and	normal	electrons	act	in	parallel,	a.c.	losses
scale	as	ω2,	as	would	be	expected	from	a	parallel	R-L	circuit.	Since	the	superconductor	current	density	is	finite,	the	microwave	field	will	penetrate	exponentially	with	a	characteristic	length	called	the	penetration	depth	that	is	frequency	independent	and	much	smaller	than	the	skin	depth	of	a	normal	metal.	Because	of	the	smaller	interaction	volume
and	the	small	number	of	normal	electrons,	a	superconductor	will	have	typically	several	orders	of	magnitude	smaller	surface	resistance	than	a	normal	metal.	Before	1986,	it	was	accepted	that	if	materials	could	become	superconducting	at	tempera-	tures	of	25	K	or	greater,	there	would	be	a	major	technological	breakthrough.	The	reason	for	the
breakthrough	is	that	materials	can	be	cooled	to	these	temperatures	with	relatively	inexpensive	liquid	hydrogen,	whose	boiling	temperature	is	about	20.4	K.	Some	of	the	potential	applications	of	superconductivity	would	be:	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	65	SUPERCONDUCTORS	65	1.	supercomputers	becoming	smaller,	faster,	and
thus	more	powerful;	2.	ultra	low-loss	microwave	communication	systems;	3.	economical,	efficient,	pollution-free,	and	safe-generating	power	plants	using	fusion	or	mag-	netohydromagnetic	technology;	4.	virtually	loss-free	transmission	lines	and	more	efficient	power	transmission;	5.	high-field	magnets	for	use	in	MRI	instruments,	300	mph	trains
levitated	on	a	magnet	cush-	ion,	particle	accelerators	and	laboratory	instrumentation;	and	6.	improved	electronic	instrumentation.	From	1911	to	1986,	a	span	of	75	years,	research	into	superconductivity	yielded	more	than	one	thousand	superconductive	substances,	but	the	increase	in	critical	temperature	was	moderate	and	was	accomplished	at	a	very
slow	pace.	Prior	to	January	1986,	the	record	for	the	highest	critical	temperature	belonged	to	niobium-germanium	(Nb3Ge),	which	in	1973	achieved	a	Tc	of	23	K.	In	January	1986	a	major	breakthrough	in	superconductivity	may	have	provided	the	spark	for	which	the	scientific	community	had	been	waiting.	Karl	Alex	Mueller	and	Johannes	Georg	Bednorz,
IBM	Zurich	Research	Laboratory	scientists,	observed	that	a	new	class	of	oxide	materials	exhibited	superconductivity	at	a	critical	temperature	much	higher	than	anyone	had	observed	before	[10,	11].	The	material	was	a	ceramic	copper	oxide	containing	barium	and	lanthanum,	and	it	had	a	critical	temperature	up	to	about	35	K,	which	was	substantially
higher	than	the	23	K	for	niobium-germanium.	Before	Mueller	and	Bednorz’s	discovery,	the	best	superconducting	materials	were	intermetallic	compounds,	which	included	niobium-tin,	niobium-germanium,	and	others.	However,	Mueller	and	Bednorz	were	convinced	that	the	critical	temperature	could	not	be	raised	much	higher	using	such	compounds.
Therefore	they	turned	their	attention	to	oxides	with	which	they	were	familiar	and	which	they	believed	to	be	better	candidates	for	higher-temperature	superconductors.	For	superconductivity	to	occur	in	a	material,	either	the	number	of	electrons	that	are	available	to	transport	current	(i.e.,	a	high	density	of	states	at	the	Fermi	level)	must	be	high	or	the
electron	pairs	that	are	responsible	for	superconductivity	must	exhibit	strong	attractive	forces	[10].	Usually	metals	are	very	good	candidates	for	superconductors	because	they	have	many	available	electrons.	Oxides,	however,	have	fewer	electrons	but	it	was	shown	that	some	metallic	oxides	of	nickel	and	copper	exhibited	strong	attractive	electron-pair
forces,	and	others	could	be	found	with	even	stronger	pairing	forces.	Mueller	and	Bednorz	became	aware	that	some	copper	oxides	behave	like	metals	in	conducting	electricity.	This	led	them	to	the	superconducting	copper	oxide	containing	barium	and	lanthanum	with	a	critical	temperature	of	35	K.	Since	then	many	other	groups	have	reported	even
higher	superconductivities,	up	to	about	90	K	in	a	number	of	ternary	oxides	of	rare	earth	elements	[11].	One	of	the	main	questions	still	to	be	answered	is	why	are	they	superconducting	at	such	high	temperatures.	Paul	C.	W.	Chu,	from	the	University	of	Houston,	found	that	by	pressurizing	a	superconducting	copper	oxide,	lanthanum,	and	barium	he	could
observe	critical	temperatures	of	up	to	70	K.	He	reasoned	that	the	pressure	brought	the	layers	of	the	different	elements	closer	together,	leading	to	the	higher	superconductivity	temperature.	He	also	found	that	by	replacing	barium	with	strontium,	which	is	a	very	similar	element	but	has	smaller	atoms,	brought	the	layers	even	closer	together	and	led	to
even	higher	temperatures.	In	February	1987	Dr.	Chu	also	discovered	that	replacing	lanthanum	with	yttrium	resulted	in	even	higher	temperatures,	up	to	92	K.	This	was	considered	another	major	breakthrough	because	it	surpassed	the	barrier	of	the	boiling	point	of	liquid	nitrogen	(77	K).	Liquid	nitrogen	is	relatively	inexpensive	(by	a	factor	of	50)
compared	to	liquid	helium	or	hydrogen,	which	are	used	with	superconducting	material	at	lower	temperatures.	On	January	22,	1988	researchers	at	the	National	Research	Institute	for	Metals,	Tsukaba,	Japan,	reported	that	a	compound	of	bismuth,	calcium,	strontium-copper,	and	oxygen	had	achieved	a	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	68
68	ELECTRICAL	PROPERTIES	OF	MATTER	The	permittivity	tensor	ε̄	is	written,	in	general,	as	a	3	×	3	matrix	of	the	form	[ε̄]	=	⎡⎣	εxx	εxy	εxzεyx	εyy	εyz	εzx	εzy	εzz	⎤⎦	(2-47)	where	each	entry	may	be	complex.	For	anisotropic	material,	not	all	the	entries	of	the	permittivity	tensor	are	necessarily	nonzero.	For	some,	only	the	diagonal	terms	(εxx	,	εyy	,	εzz
),	referred	to	as	the	principal	permittivities	,	are	nonzero.	If	that	is	not	the	case,	for	some	material	a	set	of	new	axes	(x	′,	y	′,	z	′)	can	be	selected	by	rotation	of	coordinates	so	that	the	permittivity	tensor	referenced	to	this	set	of	axes	possesses	only	diagonal	entries	(principal	permittivities).	This	process	is	known	as	diagonalization	,	and	the	new	set	of
axes	are	referred	to	as	the	principal	coordinates	.	For	physically	realizable	materials,	the	entries	εij	of	the	permittivity	tensor	satisfy	the	relation	εij	=	ε∗ji	(2-48)	Matrices	whose	entries	satisfy	(2-48)	are	referred	to	as	Hermitian	.	If	the	material	is	lossless	(imaginary	parts	of	εij	are	zero)	and	the	entries	of	the	permittivity	tensor	satisfy	(2-48),	then	the
permittivity	tensor	is	also	symmetrical.	2.9	A.C.	VARIATIONS	IN	MATERIALS	It	has	been	shown	that	when	a	material	is	subjected	to	an	applied	static	electric	field,	the	centroids	of	the	positive	and	negative	charges	(representing,	respectively,	the	positive	charges	found	in	the	nucleus	of	an	atom	and	the	negative	electrons	found	in	the	shells
surrounding	the	nucleus)	are	displaced	relative	to	each	other	forming	a	linear	electric	dipole.	When	a	material	is	examined	macroscopically,	the	presence	of	all	the	electric	dipoles	is	accounted	for	by	introducing	an	electric	polarization	vector	P	[see	(2-3)	and	(2-10)].	Ultimately,	the	static	permittivity	εs	[see	(2-11a)]	is	introduced	to	account	for	the
presence	of	P.	A	similar	procedure	is	used	to	account	for	the	orbiting	and	spinning	of	the	electrons	of	atoms	(which	are	represented	electrically	by	small	electric	current-carrying	loops)	when	magnetic	materials	are	subjected	to	applied	static	magnetic	fields.	When	the	material	is	examined	macroscopically,	the	presence	of	all	the	loops	is	accounted	for
by	introducing	the	magnetic	polarization	(magnetization)	vector	M	[see	(2-15)	and	(2-21)].	In	turn	the	static	permeability	μs	[see	(2-22a)]	is	introduced	to	account	for	the	presence	of	M.	When	the	applied	fields	begin	to	alternate	in	polarity,	the	polarization	vectors	P	and	M,	and	in	turn	the	permittivities	and	permeabilities,	are	affected	and	they	are
functions	of	the	frequency	of	the	alternating	fields.	By	this	action	of	the	alternating	fields,	there	are	simultaneous	changes	imposed	upon	the	static	conductivity	σs	[see	(2-39)	and	(2-40)]	of	the	material.	In	fact,	the	incremental	changes	in	the	conductivity	that	are	attributable	to	the	reverses	in	polarity	of	the	applied	fields	(frequency)	are	responsible
for	the	heating	of	materials	using	microwaves	(for	example,	microwave	cooking	of	food)	[13,	18].	In	the	sections	that	follow,	the	variations	of	ε,	σ	,	and	μ	as	a	function	of	frequency	of	the	applied	fields	will	be	examined.	2.9.1	Complex	Permittivity	Let	us	assume	that	each	atom	of	a	material	in	the	absence	of	an	applied	electric	field	(unpolarized	atom)	is
represented	by	positive	(representing	the	nucleus)	and	negative	(representing	the	elec-	trons)	charges	whose	respective	centroids	coincide.	The	electrical	and	mechanical	equivalents	of	a	typical	atom	are	shown	in	Figure	2-16a	[6].	The	large	positive	sphere	of	a	mass	M	represents	the	massive	nucleus	whereas	the	small	negative	sphere	of	mass	m	and
charge	−Q	represents	the	electrons.	When	an	electric	field	is	applied,	it	is	assumed	that	the	positive	charge	remains	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	68	A.C.	VARIATIONS	IN	MATERIALS	69	−	m	s	s	x	x	x	x	−	−	+	m	Mass	m	charge-Q	zero	zero	Applied	E-field	E0	E0	Electrical	equivalent	Mechanical	equivalent	M	M	M	M	M	m	m	m	−	−	−
+	+	+	−	m	−	m	M	+	M	M	d	(a)	(b)	(c)	(d)	d	−	−	−	l	l	+	−	l	l	+	+	Figure	2-16	Electrical	and	mechanical	equivalents	of	a	typical	atom	in	the	absence	of	and	under	an	applied	electric	field.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	70	70	ELECTRICAL	PROPERTIES	OF	MATTER	stationary	and	the	negative	charge	moves	relative	to	the	positive	along
a	platform	that	exhibits	a	friction	(damping)	coefficient	d	.	In	addition,	the	two	charges	will	be	connected	with	a	spring	whose	spring	(tension)	coefficient	is	s	.	The	entire	mechanical	equivalent	of	a	typical	atom	then	consists	of	the	classical	mass–spring	system	moving	along	a	platform	with	friction.	When	an	electric	field	is	applied	that	is	directed	along
the	+x	direction,	the	negative	charge	will	be	displaced	a	distance		in	the	negative	x	direction,	as	shown	in	Figure	2-16b,	forming	an	electric	dipole.	If	the	material	is	not	permanently	polarized	(as	are	the	electrets),	the	atom	will	achieve	its	initial	normal	position	when	the	applied	electric	field	diminishes	to	zero,	as	shown	in	Figure	2-16c.	Now	if	the
applied	electric	field	is	polarized	in	the	−x	direction,	the	negative	charge	will	move	a	distance		in	the	positive	x	direction,	as	shown	in	Figure	2-16d	,	forming	again	an	electric	dipole	in	the	direction	opposite	of	that	in	Figure	2-16b.	When	a	time-harmonic	field	of	angular	frequency	ω	is	applied	to	an	atom,	the	forces	of	the	system	that	describe	the
movement	of	the	negative	charge	of	mass	m	relative	to	the	stationary	nucleus	and	that	are	opposed	by	damping	(friction)	and	tension	(spring)	can	be	represented	by	[6,	19]	m	d2	dt2	+	d	d	dt	+	s	=	Q(t)	=	QE0ejωt	(2-49)	By	dividing	both	sides	of	(2-49)	by	m	,	we	can	write	it	as	d2	dt2	+	2α	d	dt	+	ω20	=	Q	m	(t)	=	Q	m	E0e	jωt	(2-50)	where	α	=	d	2m	(2-
50a)	ω0	=	√	s	m	(2-50b)	Q	=	dipole	charge	(2-50c)	The	terms	on	the	left	side	of	(2-49)	represent,	in	order,	the	forces	associated	with	mass	times	acceleration,	damping	times	velocity,	and	spring	times	displacement.	The	term	on	the	right	side	represents	the	driving	force	of	the	time-harmonic	applied	field	(of	peak	value	QE0).	Equations	2-49	and	2-50
are	second-order	differential	equations	that	are	also	representative	of	the	natural	responses	of	RLC	circuit	systems.	For	a	source-free	series	RLC	network,	(2-50)	takes	the	form	for	the	current	i	(t)	of	d2i	dt2	+	2α	di	dt	+	ω20i	=	0	(2-51)	where	α	=	R	2L	(2-51a)	ω0	=	1√	LC	(2-51b)	In	a	similar	manner,	the	voltage	v(t)	for	a	parallel	source-free	RLC
network	can	be	obtained	by	writing	(2-50)	as	d2v	dt2	+	2α	dv	dt	+	ω20v	=	0	(2-52)	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	73	A.C.	VARIATIONS	IN	MATERIALS	73	ε′′r	=	NeQ2	ε0m	⎡⎢⎢⎢⎣	ω	d	m	(ω20	−	ω2)2	+	(	ω	d	m	)2	⎤⎥⎥⎥⎦	(2-63b)	For	nonmagnetic	material	ε̇r	=	ṅ2	(2-64)	where	ṅ	is	the	complex	index	of	refraction.	For	materials	with	no
damping	(d/m	=	0),	(2-63a)	and	(2-63b)	reduce	to	ε′r	=	1	+	NeQ2	ε0m	ω20	−	ω2	(2-65a)	ε′′r	=	0	(2-65b)	Since	the	permittivity	of	a	medium	as	given	by	(2-61)	[or	its	relative	value	as	given	by	(2-62)]	is	in	general	complex,	the	Maxwell–Ampere	equation	can	be	written	as	∇	×	H	=	Ji	+	Jc	+	jωε̇E	=	Ji	+	σs	E	+	jω(ε′	−	jε′′)E	∇	×	H	=	Ji	+	(σs	+	ωε′′)E	+	jωε′E
=	Ji	+	σeE	+	jωε′E	(2-66)	where	σe	=	equivalent	conductivity	=	σs	+	ωε′′	=	σs	+	σa	(2-66a)	σa	=	alternating	field	conductivity	=	ωε′′	(2-66b)	σs	=	static	field	conductivity	(2-66c)	=	{	−μeqve	for	conductors	−μeqve	+	μhqvh	for	semiconductors	(2-66d)	In	(2-66a)	σe	represents	the	total	(referred	to	here	as	the	equivalent)	conductivity	composed	of	the
static	portion	σs	and	the	alternating	part	σa	caused	by	the	rotation	of	the	dipoles	as	they	attempt	to	align	with	the	applied	field	when	its	polarity	is	alternating.	The	phenomenon	(rotation	of	dipoles)	that	contributes	the	alternating	conductivity	σa	is	referred	to	as	dielectric	hysteresis	.	Many	dielectric	materials	(such	as	glass	and	plastic)	possess	very
low	values	of	static	σs	con-	ductivities	and	behave	as	good	insulators.	However,	when	they	are	subjected	to	alternating	fields,	they	exhibit	very	high	values	of	alternating	field	σa	conductivities	and	they	consume	considerable	energy.	The	heat	generated	by	this	radio	frequency	process	is	used	for	industrial	heating	pro-	cesses.	The	best-known	process
is	that	of	microwave	cooking	[13–18].	Others	include	selective	heating	of	human	tissue	for	tumor	treatment	[20–22]	and	selective	heating	of	certain	compounds	in	materials	that	possess	conductivities	higher	than	the	other	constituents.	For	example,	pyrite	(a	form	of	sulfur	considered	to	be	a	pollutant),	which	exhibits	higher	conductivities	than	the
other	minerals	of	coal,	can	be	heated	selectively.	This	technique	has	been	used	as	a	process	to	clean	coal	by	extracting,	through	microwave	heating,	its	sulfur	content.	In	(2-66),	aside	from	the	impressed	(source)	electric	current	density	Ji	,	there	are	two	other	components:	the	effective	conduction	electric	current	density	Jce	and	the	effective
displacement	electric	current	density	Jde	.	Thus	we	can	write	the	total	electric	current	density	Jt	as	Jt	=	Ji	+	Jce	+	Jde	=	Ji	+	σeE	+	jωε′E	(2-67)	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	74	74	ELECTRICAL	PROPERTIES	OF	MATTER	where	Jt	=	total	electric	current	density	(2-67a)	Ji	=	impressed	(source)	electric	current	density	(2-67b)	Jce	=
effective	electric	conduction	current	density	=	σeE	=	(σs	+	ωε′′)E	(2-67c)	Jde	=	effective	displacement	electric	current	density	=	jωε′E	(2-67d)	The	total	electric	current	density	of	(2-67)	can	also	be	written	as	Jt	=	Ji	+	σeE	+	jωε′E	=	Ji	+	jωε′	(	1	−	j	σe	ωε′	)	E	=	Ji	+	jωε′(1	−	j	tan	δe)E	(2-68)	where	tan	δe	=	effective	electric	loss	tangent	=	σe	ωε′	=	σs	+
σa	ωε′	=	σs	ωε′	+	σa	ωε′	tan	δe	=	σs	ωε′	+	ε	′′	ε′	=	tan	δs	+	tan	δa	=	ε	′′	e	ε′e	(2-68a)	tan	δs	=	static	electric	loss	tangent	=	σs	ωε′	(2-68b)	tan	δa	=	alternating	electric	loss	tangent	=	σa	ωε′	=	ε	′′	ε′	(2-68c)	The	manufacturer	of	any	given	material	usually	specifies	either	the	conductivity	(S/m)	or	the	electric	loss	tangent	(tan	δ,	dimensionless).	Although	it
is	usually	not	stated	as	such,	the	specified	conductivity	σe	and	loss	tangent	should	represent,	respectively,	the	effective	conductivity	and	loss	tangent	tan	δe	at	a	given	frequency.	Typical	values	of	loss	tangent	for	some	materials	are	listed	in	Table	2-5.	The	effective	conduction	Jce	and	displacement	Jde	current	densities	of	(2-67)	can	also	be	written	as
Jcd	=	Jce	+	Jde	=	σeE	+	jωε′E	=	jωε′	(	1	−	j	σe	ωε′	)	E	=	jωε′(1	−	j	tan	δe)E	(2-69)	In	phasor	form,	these	can	be	represented	as	shown	in	Figure	2-17.	It	is	evident	that	the	conduction	and	displacement	current	densities	are	orthogonal	to	each	other.	Material	can	also	be	classified	as	good	dielectrics	or	good	conductors	according	to	the	values	of	the	σe/
ωε′	ratio.	That	is	1.	Good	Dielectrics	,	(σe/ωε′)		1	Jcd	=	jωε′	(	1	−	j	σe	ωε′	)	E	σe/ωε	′1	jωε′E	(2-70a)	For	these	materials,	the	displacement	current	density	is	much	greater	than	the	conduction	current	density,	and	the	total	current	density	is	approximately	equal	to	the	displacement	current	density.	Balanis	c02.tex	V3	-	11/22/2011	3:07	P.M.	Page	75	A.C.
VARIATIONS	IN	MATERIALS	75	TABLE	2-5	Dielectric	constants	and	loss	tangents	of	typical	dielectric	materials	Material	ε′r	tan	δ	Air	1.0006	Alcohol	(ethyl)	25	0.1	Aluminum	oxide	8.8	6	×	10−4	Bakelite	4.74	22	×	10−3	Carbon	dioxide	1.001	Germanium	16	Glass	4–7	1	×	10−3	Ice	4.2	0.1	Mica	5.4	6	×	10−4	Nylon	3.5	2	×	10−2	Paper	3	8	×	10−3
Plexiglas	3.45	4	×	10−2	Polystyrene	2.56	5	×	10−5	Porcelain	6	14	×	10−3	Pyrex	glass	4	6	×	10−4	Quartz	(fused)	3.8	7.5	×	10−4	Rubber	2.5–3	2	×	10−3	Silica	(fused)	3.8	7.5	×	10−4	Silicon	11.8	Snow	3.3	0.5	Sodium	chloride	5.9	1	×	10−4	Soil	(dry)	2.8	7	×	10−2	Styrofoam	1.03	1	×	10−4	Teflon	2.1	3	×	10−4	Titanium	dioxide	100	15	×	10−4	Water
(distilled)	80	4	×	10−2	Water	(sea)	81	4.64	Wood	(dry)	1.5–4	1	×	10−2	Jce=	seE	Jde	=	jwe′E	J	cd	=	J	ce	+	J	de	Figure	2-17	Phasor	representation	of	effective	conduction	and	displacement	current	densities.	2.	Good	Conductors	,	(σe/ωε′)		1	Jcd	=	jωε′	(	1	−	j	σe	ωε′	)	E	σe/ωε	′1	σeE	(2-70b)	For	these	materials,	the	conduction	current	density	is	much
greater	than	the	displacement	current	density,	and	the	total	current	density	is	approximately	equal	to	the	conduction	current	density.
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